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Large elastic deformation: Lagrangian description

The state is described by the function x⃗(X⃗ )
Applying functional derivation

−δW = E[x̃(X̃) + δx̃(X̃)]− E[x̃] = −
∫

f̃(x̃(X̃))δx̃(X̃)d3X̃ = −
∫

δE

δxi
δx̃(X̃)d3X̃ = 0

With the notations:

Fij =
∂xi

∂Xj
, ϵij =

1

2

(
F̃ikFkj − δij

)

The energy is a functional of ϵij , so

δE

δxi
= −∂j

δE

δFij
= −∂j

(
δE

δϵkl

dϵkl

dFij

)
= −∂j

(
δE

δϵkj
Fik

)
= −∂j

(
Fikσ

2PK
kj

)
= 0
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Plastic deformation

Fij = Fe
imFp

mj

The energy depends on only the elastic deformation

ϵeij =
1

2

(
FmoF

−p
oi FmpF

−p
pj − δij

)
=

1

2

(
F̃−p
io CopF

−p
pj − δij

)
From this

−
δE

δxi
= ∂j

δE

δFij
= ∂j

[
δE

δϵekl

dϵekl
dFij

]
= ∂j

[
FipF

−p
pk σ2PK

kl F−p
lj

]
= ∂j

[
Fipσ

2PK∗
pj

]
= 0

Functional derivative with respect to F−p
ij

E(F−p
ij + δF−p

ij )− E(F−p
ij ) =

δE

δF−p
ij

δF−p
ij =

δE

δϵekl

dϵekl

dF−p
ij

δF−p
ij = F̃ipF

e
plσ

2PK
lj δF−p

ij
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Individual dislocation

Fp
ij = δij + binjδ(ζ) = δij + βp

ij

What is F−p
ij ?

What is the inverse of something containing a Dirac delta?

1+ bδ(x) ≈ 1+
1

s
√
π
e
− x2

s2b2

so

(1+ bδ(x))−1 ≈ 1− bδ(x)
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Individual dislocation

F−p
ij = δij − binjδ(ζ) = δij − βp

ij

Effective stress

σeff
ji = F̃ipF

e
plσ

2PK
lj

Peach Köhler force?

−→
F PK = (σ̂eff

−→
b )×

−→
l
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Dislocation loops

Loop can be given as r⃗(s) but

r̃(s) = r̃(s0) +
dr̃

ds
(s− s0) +

1

2

d2 r̃

ds2
(s− s0)

2 + ....

Probability of the “state” of the dislocation system

p(r̃, φ, k, ..xi..)

Variable we work with

ρ′ (⃗r , φ) =< ρ >

∫
p(⃗r , φ, k, ..xi ..)dk..dxi ..

k (⃗r , φ) =

∫
kp(⃗r , φ, k, ..xi ..)dk..dxi ..

István Groma, ELTE, Eötvös Lorand University Budapest

Current state of the statistical physics-based continuum theory of dislocations , what is next 7/25



Dislocation loops

Variables ρ′ (⃗r , φ), q′ (⃗r , φ) = ρ′k and v (⃗r , φ)
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Evolution of the loops

Quantities:

L = (cosφ, sinφ, k) = (̃l, k)

α′ = ρ′(r, φ)L(r, φ)⊗ b

V(r̃, φ) = (v sinφ,−v cosφ,−L̂(v))

L̂ = cosφ∂x + sinφ∂y + k∂φ

Lie derivative (3D)

∂t
−→
A = ▽× (−→v ×

−→
A ) = LvA

∂n(vnAl − vlAn)

Evolution of the generalized dislocation density tensor

∂tα
′ = Lvα

′

D̂ivα′ = 0
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Dipole approximation

Bubnov-Galerkin weighted residual method in Fourier space

ρ′(r̃, φ) ≈ ρ(r̃) + 2κ1(r̃) cosφ+ 2κ2(r̃) sinφ

v(r̃, φ) ≈ vm(r̃) + vd1 (r̃) cosφ+ vd2 (r̃) sinφ

q′(r̃, φ) ≈ q(r̃) +Q2(r̃) cosφ−Q1(r̃) sinφ

∂tρ = −∂x (ρv
d
2 ) + ∂y (ρv

d
1 ) + ∂y (κ1v

m)− ∂x (κ2v
m)

+qvm +
1

2
ρ∂yv

d
1 −

1

2
ρ∂xv

d
2

∂tκ1 = ∂y (ρv
m + κ1v

d
1 + κ2v

d
2 )

∂tκ2 = −∂x (ρv
m + κ1v

d
1 + κ2v

d
2 )

∂tq = −∂x
(
qvd

2 − vmQ1

)
+ ∂y

(
qvd

1 + vmQ2

)
∂xκ1 + ∂yκ2 = 0, κ1 = ∂yγ13, κ2 = −∂xγ13

Q1 = ∂xρ, Q2 = ∂yρ
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Dipole approximation

Bubnov-Galerkin weighted residual method in Fourier space

ρ′(r̃, φ) ≈ ρ(r̃) + 2κ1(r̃) cosφ+ 2κ2(r̃) sinφ

v(r̃, φ) ≈ vm(r̃) + vd1 (r̃) cosφ+ vd2 (r̃) sinφ

q′(r̃, φ) ≈ q(r̃) +Q2(r̃) cosφ−Q1(r̃) sinφ

∂tρ = −∂x (ρv
d
2 ) + ∂y (ρv

d
1 ) + ∂y (κ1v

m)− ∂x (κ2v
m)

+qvm + λ1(q
2/ρ3)ρ∂yv

d
1 − λ2(q

2/ρ3)ρ∂xv
d
2

∂tκ1 = ∂y (ρv
m + κ1v

d
1 + κ2v

d
2 )

∂tκ2 = −∂x (ρv
m + κ1v

d
1 + κ2v

d
2 )

∂tq = −∂x
(
qvd

2 − vmQ1

)
+ ∂y

(
qvd

1 + vmQ2

)
∂xκ1 + ∂yκ2 = 0, κ1 = ∂yγ13, κ2 = −∂xγ13

Q1 = ∂xρ, Q2 = ∂yρ

λ(x) =

{
ax if x → 0
1
2
if x → ∞
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Dipole approximation

ρ′(r̃, φ) ≈ ρ(r̃) + 2κ1(r̃) cosφ+ 2κ2(r̃) sinφ

v(r̃, φ) ≈ vm(r̃) + vd1 (r̃) cosφ+ vd2 (r̃) sinφ

q′(r̃, φ) ≈ q(r̃) +Q2(r̃) cosφ−Q1(r̃) sinφ

∂tρ = −∂x (ρv
d
2 ) + ∂y (ρv

d
1 ) + ∂y (κ1v

m)− ∂x (κ2v
m)

+qvm + λ1ρ∂yv
d
1 − λ2ρ∂xv

d
2

∂tγ13 = ρvm + κ1v
d
1 + κ2v

d
2

∂tq = −∂x
(
qvd

2 − vmQ1

)
+ ∂y

(
qvd

1 + vmQ2

)
κ1 = ∂yγ13, κ2 = −∂xγ13

Q1 = ∂xρ, Q2 = ∂yρ
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Plastic potential

Ṗ[ρ, γ13, κ1, κ2, q] =

∫ [
δP

δρ
ρ̇+

δP

δγ13
γ̇13 +

δP

δq
q̇

]
dV

=

∫ [
(....)vm + (....)vd

1 + (....)vd
2

]
dV < 0

“Chemical potentials“

µρ =
δP

δρ
, µq =

δP

δq
.

Stress like variables

τ∗ =
δP

δγ13
= τmf − ∂y

δP

δκ1
+ ∂x

δP

δκ2
= τmf + τb

τd1 =
1

bρ
[(∂yµρ)ρ+ (∂yµq)q + ∂y (λ1µρρ)] ,

τd2 = −
1

bρ
[(∂xµρ)ρ+ (∂xµq)q + ∂x (λ2µρρ)]
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Dynamics

Field:
ρ(⃗r , t), κ1 (⃗r , t), κ2 (⃗r , t), q(⃗r , t)

Dynamics
Plastic potential P [⃗x , ρ, κ1, κ2, q]

⇓
τ∗, τd1 , τ

d
2

Velocities

45
0

τ τττ

M b0

ρ

κ 1,2 τ

* *

*

}

v v1,2

M b
0

τ
1,2

d

Y Y

m d
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Plastic potential

Plastic potential

P[x̃, ρ, γ13, κ1, κ2, q] = Pmf [ρ, γ13] + Pcorr[ρ, κ1, κ2, q]

Corse grained fields
Pmf [ρ, γ13]

Correlations

Pcorr[ρ, κ1, κ2, q] =

∫
Gb2

[
Aρ ln

(
ρ

ρ0

)
+

κ ·D · κ
2ρ

+ ρχ

(
q2

ρ3

)]
dV

χ(x) =

{
ax if x << 1
→ 0 if x → ∞

displacement field:

δP

δxi
= 0

∂j

[
Fipσ

2PK∗
pj

]
= 0
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Patterning

Main source of instability: τ y = αµb
√
ρ

Length scale selection: Pcorr [ρ, κ12, q]

P is convex! No LEDS!

No reaction terms!

2D and 3D are practically the same

The instability is ”massive“
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Mobility function

M

(
τ∗ − τ y

τ y

)
> 0

Strain rate sensitivity

M

(
τ∗ − τ y

τ y

)
= M0

∣∣∣∣ τ∗ − τ y

τ y

∣∣∣∣ 1n−1
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Generalization

Monavari and Zaiser (2018)
Annihilation (Kocks-Mecking)

ρ̇ = B|γ̇13|(
√
ρ−

ρ

l
)

ρ̇A = −A|γ̇13|ρ ≈ −A′|vm|ρ2

∂tρ = −∂x (ρv
d
2 ) + ∂y (ρv

d
1 ) + ∂y (κ1v

m)− ∂x (κ2v
m)

+qvm + λ1ρ∂yv
d
1 − λ2ρ∂xv

d
2 + ρ̇A
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Annihilation, FR and other sources

q is a conserved quantity

∂tq = ∂x
(
−qvd

2 + vmQ1

)
+ ∂y

(
qvd

1 + vmQ2

)
Extra terms
Annihilation

q̇A =
q

ρ
ρ̇A = −Aq|γ̇13|

FR source+ ...

q̇S = B|vm|ρ1ρ

Further ”local terms“ like cross slip, junction formation?
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Multiple slip

ρζ , κζ
1,2, qζ ..

P(ρζ , ...)

Yield stress

τYζ =

√∑
ς

hζ,ςρς = α(ρ1/ρζ , ...)Gb
√
ρζ

FR source+ ...

q̇ζS =
∑
ς

Bζ ,ς |v
m
ζ |ρςρζ
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Stochastic term

τY is an independent variable
Deterministic case

∂tτ
Y = −αGb

1
√
ρ
∂tρ = −(αGb)2

1

τY
∂tρ

Stochastic case

∂tτ
Y = −(αGb)2

1

τY
∂tρ+ δ(X⃗ , t)

< δ(X⃗ , t)δ(X⃗ ′, t′) >=????
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Determining the parameters

Averaging for the yz plane

τext − αµb
√
ρ =

µb

2π(1− ν)ρ
D22∂1κ2

α
√
ρκ2 = A∗∂1ρ

Combining the two

τext (
√
ρ)2 − αµb (

√
ρ)3 =

µbα

2π(1− ν)
A∗D22∂1∂1

√
ρ

Introducing ξ(x) =
√
ρ

∂1

{
τext

3
ξ3 −

αµb

4
ξ4
}

= ∂1
µbα

2π(1− ν)

A∗D22

2
(∂1ξ)

2
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Determining the parameters

This follows that

e =
µbα

2π(1− ν)

A∗D22

2
(∂1ξ)

2 −
{
τext

3
ξ3 −

αµb

4
ξ4
}

is ”conserved“.

∂1ξ = ±
1

C

√
e − ϕ(ξ)

where

ϕ(ξ) = −
τext

3
ξ3 +

αµb

4
ξ4

C2 =
µbα

2π(1− ν)

A∗D22

2
, e = ϕ

(√
ρ(x = −L/2)

)
1

C

∫ ξ(x)

ξ(−L/2)

1√
e + τext

3
ξ3 − αµb

4
ξ4

dξ = x + L/2

∫ x

x0
κdx =

A∗

α
(ξ(x)− ξ(x0))
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DDD with a wall
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Summary

3D continuum theory obtained on a systematic manner

DDD verification (doable)

Parameter determination (doable)

Incorporating local events (junction formation, cross slip, ...) (?)

Adding random aspects (doable)

Details in:
István Groma, Péter Dusán Ispánovity, Thomas Hochrainer, Dynamics of curved dislocation
ensembles, Physical Review B, 103, 174101, (2021)
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