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Point defects
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Vacancy

Equilibrium vacancy concentration
Gibbs potential

G(T , p) = U − TS − pV

n vacancy N atom
4U = ε0n

4V = v0n

Entropy

Sconfig = kB ln

(
N + n

n

)
= kB ln

(N + n)!

N!n!

Stirling-formula
ln n! ≈ n ln n

So
Sconfig = kB [(N + n) ln(N + n)− N ln N − n ln n]

From this
4G = ε0n + pv0n − kB T [(N + n) ln(N + n)− N ln N − n ln n]
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Vacancy

Equilibrium concentration
∂ 4 G

∂n
= 0

ε0 + pv0 − kB T [ln(N + n)− ln n] = 0

n

N + n
= e

− ε0+pv0
kB T

N >> n

n = Ne
− ε0+pv0

kB T

Arrhenius plot (potassium)
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Plastic deformation

Ideal shear
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Plastic deformation

Ideal shear
F (x) = F0

∣∣∣sin
(π

a
x
)∣∣∣ = σa2

Small deformation
γ =

x

a
, σ = µ

x

a

So

F0 = µ
a2

π

From this
σf
∼=
µ

π
∼= 30GPa

Experiment
σf
∼= 100MPa
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MDD

Polányi, Orován, Taylor (1934)

Vito Volterra (1905)
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Dislocation

Glide: the number of atom is conserved
Climb: the number of atom is not conserved, requires high temperature.
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TEM

Cell structure PSB

dislocation density is ρ = 1014m−2
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Dislocation

Field theory of dislocations

∂i uj := βij = βp
ij + βe

ij

du

dr
:= β̂ = β̂e + β̂p

Dislocation density tensor

αij = eikl∂kβ
p
lj = −eikl∂kβ

e
lj α̂ = ∇× β̂p = −∇× β̂e

bj =

∫
A
αij dAi

bj = −
∫

A
eikl

∂

∂rk
βe

lj dAi = −
∮
βe

ij dsi = −
∮

duj .

Istvan Groma, ELTE Condensed Matter Physic, Crystalline defects 10/20



Dislocation

Individual dislocation

αij = li bjδ(ξ) (α̂ = l ◦ bδ(ξ))

Plastic distortion

βp
ij (~r) = ni bkδ(ζ)

Multiple with the elastic constants and take its div:

∂

∂ri
Cijkl

∂uk

∂rl
=

∂

∂ri
Cijklβ

p
kl = fj

(
div Ĉ

du

dr
= div Ĉ β̂p = f

)
Displacement field of a screw dislocation

u3 =
b

2π
ϕ

Stress field of a straight dislocation σ ∝ b/r

σ11 =
µb

2π(1− ν)

y(3x2 + y2)

(x2 + y2)2

σ22 =
µb

2π(1− ν)

y(x2 − y2)

(x2 + y2)2

σ12 =
µb

2π(1− ν)

x(x2 − y2)

(x2 + y2)2
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Energy of a dislocation

σ ∝ b/r ı́gy E ∝ b2

2

(
b

2

)2

< b2

b = ai

Fcc b = 1
2

(1, 1, 0)

Bcc b = 1
2

(1, 1, 1)
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Dislocation-dislocation interaction

Elastic energy

E =
1

2

∫
σij∂i uj dV

Let us

σij = σext
ij + σdisl

ij

ui = uext
i + udisl

i

leads to

E =
1

2

∫ [
σext

ij ∂i u
ext
j + σext

ij ∂i u
disl
j + σdisl

ij ∂i u
ext
j + σdisl

ij ∂i u
disl
j

]
dV

Since

σij = Cijkl∂i uj

E = Eext + Edisl +

∫
σext

ij ∂i u
disl
j dV
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Dislocation dislocation interaction

Eint =

∫
σext

ij ∂i u
disl
j dV

Partial integration

Eint =

∫
∂i (σ

ext
ij udisl

j )dV −
∫

(∂iσ
ext
ij )udisl

j dV

Since

∂iσ
ext
ij = 0

Eint =

∫
∂i (σ

ext
ij udisl

j )dV =

∫
(σext

ij udisl
j )dni
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Dislocation-dislocation interaction

u-nak b has a jump on the cut surface!

Eint = bj

∫
f
σext

ij dni

For the moving line

4Eint = bj

∮
v
σext

ij (4r × dl)i

4Eint =

∮
v

(dl × (σ̂ext b))i 4 ri

Peack Koehler force

f = (σ̂ext b)× l
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Dislocation-dislocation interaction

For glide only, we need

fglide = [(σ̂ext b)× l ]
b

b
= nσ̂ext b = τb ahol n =

b

b
× l

Edge dislocation

f = b1b2
µ

2π(1− ν)

x(x2 − d2)

(x2 + d2)2
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Dislocation multiplication

Frank-Read source

Flow stress (Taylor relation)

τf = αµb
√
ρ
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Work hardening by precipitate

Line tension τl = El/R

Critical stress

τc =∝
1

l
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Partial dislocation
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Grain boundary

Small angle grain boundary

Coincidence lattice (Σn)
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