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Minimum elv

Variációs megközeĺıtés

Ē [ψ∗] =

∫
ψ∗ĤψdV

Keressük szélsőértékét ψ∗ szerint azzal a mellékfeltétellel, hogy∫
ψ∗ψdV = 1

Funkcionális derivált (variáció)

F (c(~r) + δc(~r)) = F (c(~r)) +

∫
δF (c)

δc
δc(~r)dV

A mi esetünkben tekintsük

Ḡ [ψ∗] =

∫
ψ∗ĤψdV − λ

[∫
ψ∗ψdV − 1

]

δG

δψ∗
= Ĥψ − λψ = 0
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Közeĺıtő megoldás

Ha λ = E megkapjuk a Schrödinger egyenletet.
Közeĺıtő megoldás:

ψa(~r , a, b, ...f )

Legyen ψa 1-re normált, ekkor

E(a, b, c..) =

∫
ψ∗a (~r , a, b, ...f )Ĥψa(~r , a, b, ...f )dV

Keressük ennek mimimumát

∂E

∂a
= 0, ...

∂E

∂f
= 0
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Tight-binding model

Ĥ(~r) = Ĥat +
∑
~Rn 6=0

V (~r − ~Rn)

Legyen

Ĥatϕi (~r) = εiϕi (~r)

az “atomi” probléma megfoldása.
Tekintsük

Ψ
n~k

(~r) =
1
√
N

∑
~R′

e i
~k~R′

ϕn(~r − ~R′)

Bloch tétel

Ψ
n~k

(~r + ~R) = e i
~k~RΨ

n~k
(~r)
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Tight-binding model

A Ψ
n~k

(~r) normálása:∫
Ψ∗

n~k
(~r)Ψ

n~k
(~r)dV =

1

N

∑
~R1

∑
~R2

e i
~k(~R2−~R1)

∫
ϕ∗n (~r − ~R1)ϕn(~r − ~R2)dV

a ~R2 − ~R1 = ~R bevezetésével és változó cserével∫
Ψ∗

n~k
(~r)Ψ

n~k
(~r)dV =

∑
~R

e i
~k~R
∫
ϕ∗n (~r)ϕn(~r − ~R)dV

Csak az ~R = 0-t megtartva ∫
Ψ∗

n~k
(~r)Ψ

n~k
(~r)dV = 1

Az energia

En(~k) =

∫
Ψ∗

n~k
(~r)ĤΨ

n~k
(~r)dV =

∑
~R

e i
~k~R
∫
ϕ∗n (~r)Ĥϕn(~r − ~R)dV
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Tight-binding model

Az ~R = 0 tag ∫
ϕ∗n (~r)Ĥϕn(~r)dV =

∫
ϕ∗n (~r)εnϕn(~r)dV = εn

Az első szomszédot megtartva ~R = ~ai

En(~k) = εn +
3∑

i=1

e i
~k~ai

∫
ϕ∗n (~r)Ĥϕn(~r − ~ai )dV

γi (~ai ) =

∫
ϕ∗n (~r)Ĥϕn(~r − ~ai )dV

En(~k) = εn +
3∑

i=1

e i
~k~ai γi (~ai )

1D eset

En(~k) = εn + γ(a0)
(
e ika0 + e−ika0

)
= εn + 2γ(a0) cos(ka0)
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Tight-binding model

3D fcc kristály

~a1 = (±1,±1, 0)a/2, ~a2 = (±1, 0,±1)a/2, ~a3 = (0,±1,±1)a/2

Adódik, hogy

E(kx , ky , kz ) = εs + 4γ(a)

(
cos

kxa

2
cos

kya

2
+ cos

kya

2
cos

kza

2
+ cos

kxa

2
cos

kza

2

)
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Tight-binding model

Két atom az elemi cellában

Két hullámfüggvény

Φ
A~k

(~r) =
1
√
N

∑
~RA

e i
~k~RAϕA(~r − ~RA)

Φ
B~k

(~r) =
1
√
N

∑
~RB

e i
~k~RBϕB(~r − ~RB)

A teljes hullámfüggvény

Ψ = CAΦ
A~k

+ CBΦ
B~k
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Tight-binding model

A minimalizációs feltétel:

Ḡ [Ψ∗] =

∫
Ψ∗ĤΨdV − E~k

[∫
Ψ∗ΨdV − 1

]
Amely esetünkben

Ḡ(CA,CB) = (CA,Cb)

(
HAA HAB

HAB HBB

)(
CA

CB

)
− E~k

(CA,Cb)

(
1 S
S 1

)(
CA

CB

)
Ahonnan (

HAA HAB

HAB HBB

)(
CA

CB

)
= E~k

(
1 S
S 1

)(
CA

CB

)
Egyszerű esetben (

HAA HAB

HAB HBB

)(
CA

CB

)
= E~k

(
CA

CB

)
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Grafén

Andre Geim és Konsztantyin Szergejevics Novoszjolov 2010 Nobel-d́ıj

Φ(~r) =
CA√
N

∑
~R

e i
~k~RϕA(~r − ~R) +

CB√
N

∑
~R

e i
~k~RϕB(~r − ~R − d)

ahol ~R = n1~a1 + n2~a2 és ~d = (~a1 + ~a2)/3
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Grafén

Legegyszerűbb közeĺıtés: 3 első szomszéd ami a ~R1 = 0,−~a1,−~a2 cellában van.

HAA = HBB = ε0

HAB = HBA = γ0

∑
~R

e i
~k~R

SAA = SBB = 1

SAB = SBA = 0

ahol

γ0 =

∫
ϕA(~r)ĤϕB(~r − ~d)dV

amivel

Ĥ =

(
ε0 f (~k)

f ∗(~k) ε0

)

ahol

f (~k) = 1 + e−i~k~a1 + e−i~k~a2
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Grafén

E(~k) = ε0 ± |γ0|
√

3 + 2 cos ~k~a1 + 2 cos ~k~a2 + 2 cos ~k(~a1 − ~a2)

~a1 = a(
√

3/2,−1/2) ~a2 = a(
√

3/2, 1/2)

~b1 = 2π/a(1/
√

3,−1) ~b2 = 2π/a(1/
√

3, 1)

~K = (2~b2 + ~b1)/3 ~K ′ = (2~b1 + ~b2)/3
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Grafén

E(~k) = ±2πhv |~k|
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