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Kölcsönható elektronok
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Variációs megközelı́tés

Schrödinger egyenlet
Hψ = Eψ

Tekintsük
< ψHψ >=

∫
ψ∗HψdV

Minimum ψ∗ szerint a
∫
ψ∗ψdV = 1 mellékfeltétellel

Lagrangian multiplikátor hozzáadásával

L =

∫
ψ∗HψdV − E

(∫
ψ∗ψdV − 1

)
δL
δψ∗ = Hψ − Eψ = 0

Sok elektron rendszerre

H =
N∑

i=1

(
−

ℏ2

2m
∇2

i −
∑

R

Ze

|⃗ri − R⃗|

)
+

1
2

∑
i ̸=j

e2

|⃗ri − r⃗ j|
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Hartree közelı́tés

Tekintsük
ψ(⃗r1, r⃗2, . . .) = ψ1 (⃗r1)ψ2 (⃗r2) . . .

A hullámfüggvények ortogonálisak ∫
ψ∗

i (⃗r)ψj (⃗r)dV = δij

A funkciónál

L =

∫
ψ∗ (⃗r1, r⃗2, . . .)Hψ(⃗r1, r⃗2, . . .)dV1dV2 . . .

=
N∑

i=1

∫ (
ψ∗

i (⃗ri )

(
−

ℏ2

2m
∇2

i −
∑

R

Ze

|⃗ri − R⃗|

)
ψi (⃗ri )

)
dVi

+
1
2

∑
i ̸=j

∫ ∫ (
ψ∗

i (⃗ri )ψ
∗
j (⃗rj )

e2

|⃗ri − r⃗ j|
ψi (⃗ri )ψj (⃗rj )dVi dVj

)

−
∑

ij

Λij

(∫
ψ∗

i (⃗r)ψj (⃗r)dV − δij

)
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Hartree közelı́tés

Minimum feltétel

δL
δψ∗

i
= 0

1 részecske Schrödinger egyenlet

−
ℏ2

2m
∇2ψi (r) + V (⃗r)ψi (⃗r) = εiψi (⃗r)

ahol
V (⃗r) = Vion (⃗r) + Ve (⃗r)

Vion (⃗r) = −2e2
∑

R

1

|⃗r − R⃗|

Ve = −e
∫

n(⃗r ′)
|r − r ′|

dV ′

ahol n(⃗r) az 1 részecske elektron sűrűség

n(⃗r) =
∑

i

ψi (⃗r)ψ∗
i (⃗r)
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Pauli kizárási elv - Slater determináns

Elektronokra
ψ(⃗r1, . . . r⃗a, . . . r⃗b, . . . r⃗N) = −ψ(⃗r1, . . . r⃗b, . . . r⃗a, . . . r⃗N)

Slater determináns

ψ(⃗r1, . . . r⃗N) =
1

√
N!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ψ1 (⃗r1), ψ2 (⃗r1), . . . ψN (⃗r1)

ψ1 (⃗r2), ψ2 (⃗r2), . . . ψN (⃗r2)

...

ψ1 (⃗rN), ψ2 (⃗rN), . . . ψN (⃗rN)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Behelyettesı́tve, Hartee-Fock kötelı́tés

−
ℏ2

2m
∇2ψi (⃗r) + Vion (⃗r)ψi (⃗r) + Veψi (⃗r)−

∑
j

δσi ,σj

∫ ψ∗
j (⃗r

′)ψi (⃗r ′)

|⃗r ′ − r⃗ |
ψj (⃗r)dV ′

︸ ︷︷ ︸
Exchange tag

= ϵiψi (⃗r)
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Másodkvantálás

Tekintsünk egy teljes rendszert ψp (⃗r). A hullámfüggvény

ψ(⃗r1, . . . r⃗N) =
1

√
N!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ψp1 (⃗r1), ψp2 (⃗r1), . . . ψpN (⃗r1)

ψp1 (⃗r2), ψp2 (⃗r2), . . . ψN (⃗r2)

...

ψp1 (⃗rN), ψp2 (⃗rN), . . . ψpN (⃗rN)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
ahol p1 < p2 < . . . < pN

Az állapot megadható Φ(n1, n2, . . . , t) (Fock states)
elektronokra ni = 0 or ni = 1
1 elektron operátorra f (⃗rj )

< . . . , 1i , . . . , 0k , . . . |̂f (⃗rj )| . . . , 0i , . . . , 1k , . . . >= (−1)
∑

(i+1,k−1)fik

ahol ∑
(k , l) =

l∑
n=k

nn
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Másodkvantálás

Keltő eltüntető operátor

ĉ+
i |n1, n2, . . . ni . . . > = (−1)

∑
(1,i−1)(1 − ni )|n1, n2 . . . (1 − ni ) . . . >

ĉi |n1, n2, . . . ni . . . > = (−1)
∑

(1,i−1)(ni )|n1, n2 . . . (1 − ni ) . . . >

ahol
∑

(k , l) =
∑l

n=k nn
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Másodkvantálás

Keltő eltüntető operátor

ĉ+
i |n1, n2, . . . ni . . . > = (−1)

∑
(1,i−1)(1 − ni )|n1, n2 . . . (1 − ni ) . . . >

ĉi |n1, n2, . . . ni . . . > = (−1)
∑

(1,i−1)(ni )|n1, n2 . . . (1 − ni ) . . . >

ahol
∑

(k , l) =
∑l

n=k nn

ĉ+
i |n1, n2, . . . ni . . . >→

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ψpi (⃗r1), ψp1 (⃗r1), ψp2 (⃗r1), . . . ψpN (⃗r1)

ψpi (⃗r2), ψp1 (⃗r2), ψp2 (⃗r2), . . . ψN (⃗r2)

...

ψpi (⃗rN), ψp1 (⃗rN), ψp2 (⃗rN), . . . ψpN (⃗rN)

ψpi (⃗rN+1), ψp1 (⃗rN+1), ψp2 (⃗rN+1), . . . ψpN (⃗rN+1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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Másodkvantálás

Keltő eltüntető operátor

ĉ+
i |n1, n2, . . . ni . . . > = (−1)

∑
(1,i−1)(1 − ni )|n1, n2 . . . (1 − ni ) . . . >

ĉi |n1, n2, . . . ni . . . > = (−1)
∑

(1,i−1)(ni )|n1, n2 . . . (1 − ni ) . . . >

ahol
∑

(k , l) =
∑l

n=k nn

ĉ+
i |n1, n2, . . . ni >→ (−1)k

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ψp1 (⃗r1), ψp2 (⃗r1), . . . ψpi (⃗r1), . . . ψpN (⃗r1)

ψp1 (⃗r2), ψp2 (⃗r2), . . . ψpi (⃗r2), . . . ψN (⃗r2)

...

ψp1 (⃗rN), ψp2 (⃗rN), . . . ψpi (⃗rN), . . . ψpN (⃗rN)

ψp1 (⃗rN+1), ψp2 (⃗rN+1), . . . ψpi (⃗rN+1), . . . ψpN (⃗rN+1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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Másodkvantálás

Adódik, hogy
ĉi ĉ

+
j + ĉ+

j ĉi = δij

és
ĉi ĉj + ĉj ĉi = 0 ĉ+

i ĉ+
j + ĉ+

j ĉ+
i = 0

Bevezetjük a

ψ̂(⃗r) =
∑

i

ψi ((⃗r)ĉi

ψ̂+ (⃗r) =
∑

i

ψ∗
i ((⃗r)ĉ

+
i

A Hamilton operátor
H = T + V + U

T =
1
2

∫
∇ψ̂∗ (⃗r)∇ψ̂(⃗r)dV

V =

∫
v (⃗r)ψ̂∗ (⃗r)ψ̂(⃗r)dV

U =
1
2

∫
1

|r − r ′|
ψ̂∗ (⃗r)ψ̂∗ (⃗r ′)ψ̂(⃗r ′)ψ̂(⃗r)dVdV ′
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Kohn, Hohenberg (1964)

1 részecske sűrűség

n(⃗r) =
∫
ψ0(r , . . . , rN)ψ

∗
0 (r , . . . , rN)dr2 . . . drN

Másodkvantált alak
n(⃗r) =

(
ϕ, ψ∗ (⃗r)ψ(⃗r)ϕ

)
nyilván

n(v)

Kohn, Hohenberg
n ↔ v

kölcsönösen egyértelmű!
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