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Variational method

Schrödinger equation
Hψ = Eψ

Let us consider
< ψHψ >=

∫
ψ∗HψdV

Minimum with respect to ψ∗ with the condition
∫
ψ∗ψdV = 1

Adding a Lagrangian multiplier

L =

∫
ψ∗HψdV − E

(∫
ψ∗ψdV − 1

)
δL
δψ∗

= Hψ − Eψ = 0

Many electron system

H =
N∑

i=1

(
−

~2

2m
∇2

i −
∑

R

Ze

|~ri − ~R|

)
+

1
2

∑
i 6=j

e2

|~ri −~r j|
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Hartree approximation

Let us take
ψ(~r1,~r2, . . .) = ψ1(~r1)ψ2(~r2) . . .

With ∫
ψ∗i (~r)ψj (~r)dV = δij

The functional

L =

∫
ψ∗(~r1,~r2, . . .)Hψ(~r1,~r2, . . .)dV1dV2 . . .

=
N∑

i=1

∫ (
ψ∗i (~ri )

(
−

~2

2m
∇2

i −
∑

R

Ze

|~ri − ~R|

)
ψi (~ri )

)
dVi

+
1
2

∑
i 6=j

∫ ∫ (
ψ∗i (~ri )ψ

∗
j (~rj )

e2

|~ri −~r j|
ψi (~ri )ψj (~rj )dVi dVj

)

−
∑

ij

Λij

(∫
ψ∗i (~r)ψj (~r)dV − δij

)
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Hartree approximation

The condition

δL
δψ∗i

= 0

leads to a 1 particle Schrödinger equation

−
~2

2m
∇2ψi (r) + V (~r)ψi (~r) = εiψi (~r)

with
V (~r) = Vion(~r) + Ve(~r)

Vion(~r) = −2e2
∑

R

1

|~r − ~R|

Ve = −e
∫

n(~r ′)
|r − r ′|

dV ′

where n(~r) is the electron density

n(~r) =
∑

i

ψi (~r)ψ∗i (~r)
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Pauli Exclusion Principle - Slater determinant

For electrons
ψ(~r1, . . .~ra, . . .~rb, . . .~rN ) = −ψ(~r1, . . .~rb, . . .~ra, . . .~rN )

Slater determinant

ψ(~r1, . . .~rN ) =
1
√

N!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ψ1(~r1), ψ2(~r1), . . . ψN (~r1)

ψ1(~r2), ψ2(~r2), . . . ψN (~r2)

...

ψ1(~rN ), ψ2(~rN ), . . . ψN (~rN )

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
From the minimum principle, Hartee-Fock method

−
~2

2m
∇2ψi (~r) + Vion(~r)ψi (~r) + Veψi (~r)−

∑
j

δσi ,σj

∫ ψ∗j (~r ′)ψi (~r ′)

|~r ′ −~r |
ψj (~r)dV ′

︸ ︷︷ ︸
Exchange term

= εiψi (~r)
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Second quantization

Consider a full set ψp(~r). The wave function is

ψ(~r1, . . .~rN ) =
1
√

N!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ψp1 (~r1), ψp2 (~r1), . . . ψpN (~r1)

ψp1 (~r2), ψp2 (~r2), . . . ψN (~r2)

...

ψp1 (~rN ), ψp2 (~rN ), . . . ψpN (~rN )

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
with p1 < p2 < . . . < pN

The state is represented by Φ(n1, n2, . . . , t) (Fock states)
For electrons ni = 0 or ni = 1
For a 1 particle operator f (~rj )

< . . . , 1i , . . . , 0k , . . . |̂f (~rj )| . . . , 0i , . . . , 1k , . . . >= (−1)
∑

(i+1,k−1)fik

with ∑
(k , l) =

l∑
n=k

nn
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Second quantization

Creation and annihilation operators

ĉ+
i |n1, n2, . . . ni . . . > = (−1)

∑
(1,i−1)(1− ni )|n1, n2 . . . (1− ni ) . . . >

ĉi |n1, n2, . . . ni . . . > = (−1)
∑

(1,i−1)(ni )|n1, n2 . . . (1− ni ) . . . >

with
∑

(k , l) =
∑l

n=k nn
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ĉ+
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∑
(1,i−1)(1− ni )|n1, n2 . . . (1− ni ) . . . >

ĉi |n1, n2, . . . ni . . . > = (−1)
∑

(1,i−1)(ni )|n1, n2 . . . (1− ni ) . . . >

with
∑

(k , l) =
∑l

n=k nn

ĉ+
i |n1, n2, . . . ni . . . >→

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ψpi (~r1), ψp1 (~r1), ψp2 (~r1), . . . ψpN (~r1)

ψpi (~r2), ψp1 (~r2), ψp2 (~r2), . . . ψN (~r2)

...

ψpi (~rN ), ψp1 (~rN ), ψp2 (~rN ), . . . ψpN (~rN )

ψpi (~rN+1), ψp1 (~rN+1), ψp2 (~rN+1), . . . ψpN (~rN+1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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ĉ+
i |n1, n2, . . . ni >→ (−1)k

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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Second quantization

One obtains
ĉi ĉ

+
k + ĉ+

k ĉi = δij

and
ĉi ĉk + ĉk ĉi = 0 ĉ+

i ĉ+
k + ĉ+

k ĉ+
i = 0

It is useful to introduce the operators

ψ̂(~r) =
∑

i

ψi ((~r)ĉi

ψ̂+(~r) =
∑

i

ψi ((~r)ĉ+
i

The Hamilton operator
H = T + V + U

T =
1
2

∫
∇ψ̂∗(~r)∇ψ̂(~r)dV

V =

∫
v(~r)ψ̂∗(~r)ψ̂(~r)dV

U =
1
2

∫
1

|r − r ′|
ψ̂∗(~r)ψ̂∗(~r ′)ψ̂(~r ′)ψ̂(~r)dVdV ′
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Kohn, Hohenberg (1964)

One particle density

n(~r) =

∫
ψ0(r , . . . , rN )ψ∗0 (r , . . . , rN )dr2 . . . rN

In second quantization
n(~r) =

(
φ, ψ∗(~r)ψ(~r)φ

)
obviously

n(v)

Kohn, Hohenberg
n↔ v

is an unique functional.
Indirect proof:

v ′(~r)→ φ′, v(~r)→ φ, → n(~r)

E ′ = (φ′,H′φ′) < (φ,H′φ) = (φ, (H + V ′ − V )φ)

E ′ < E +

∫
[v ′(~r)− v(~r)]n(~r)dr

With a similar argument

E < E ′ +

∫
[v(~r)− v ′(~r)]n(~r)dr

István Groma, ELTE Condensed Matter Physics, Molecular dynamics III. 9/17



Kohn, Hohenberg (1964)

E + E ′ < E + E ′

One concludes
n[v ], v ↔ H, ⇒ EV [n]

Let us considere
F [n(~r)] ≡ (φ, (T + U)φ)

EV [n] =

∫
v(~r)n(~r)dr + F [n]

Proposition:
EV [n′] = minimum

Proof: Let us take φ′ corresponding to v ′

EV [φ′] = (φ′,Vψ) + (φ′, (T + U)ψ′)

EV [φ′] =

∫
v(~r)n′(~r)dr + F [n′]

> EV [φ] =

∫
v(~r)n(~r)dr + F [n]
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Kohn, Hohenberg (1964)

Let us introduce G[n(~r)] as

EV [n] =

∫
v(~r)n(~r)dr +

1
2

∫∫
n(~r)n(~r ′)
|~r −~r ′|

drdr ′ + G[n(~r)]

We see that
G[n(~r)] = T [n(~r)] + Exc [n(~r)]

where

EH = T [n(~r)] +

∫
v(~r)n(~r)dr +

1
2

∫∫
n(~r)n(~r ′)
|~r −~r ′|

drdr ′

is the Hartree energy.
Certainly we need

N =

∫
n(~r)dr

Let us consider
δEV (~r)

δn(~r)
=
δT [n(~r)]

δn(~r)
+ v(~r) +

∫
n(~r ′)
|~r −~r ′|

dr + µxc(n(~r))
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Hohenberg and Kohn (1964), Kohn and Sham (1965)

Effective potential

V (~r) = v(~r) +

∫
n(~r ′)
|~r −~r ′|

dr ′ + µxc(~r)

We take a base set ψi (~r).
The kinetic energy is

T =
N∑

i=1

−
~2

2m

∫
ψ∗i (~r)(∇2)ψi (~r)dr

and

n(~r) =
N∑

i=1

ψi (~r)ψ∗i (~r)

The exchange-correlation part is

Exc [n(~r)] =

∫
εxc(~r)n(~r)d~r

Local density approximation (homogeneous system)

εxc(~r) = εxc(n(~r))homogen
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Local density approximation

µxc(~r) = εxc(n(~r)) + n(~r)
δεxc

δn
LDA examples

εxc = εx + εc , εx = −
0.9164

rs
, rs =

[
3

4π
n−1

]

Perdev-Zunger type

εc =


−0.2846

1+1.0529
√

rs+0.3334rs
rs > 1

−0.0960 + 0.0622 ln rs − 0.0233rs
+0.0040rs ln rs rs < 1

Wigner type

εc = −
0.88

rs + 7.8

Generalized Gradient Approximation GGA

εxc(~r) = εxc(n(~r),5n(~r))

(Perdew and Yang 1992)
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Bloch functions

Ev{ψj}

ψj (~r) = expi~k~r uj (~r)

Taking
uj (~r) =

∑
~G

cj,G expi~G~r

Results
Ev{cj,G}

Minimized by Conjugate gradient method

István Groma, ELTE Condensed Matter Physics, Molecular dynamics III. 14/17



Molecular Dynamics

Force calculation
~Fi = −

dE

d~Ri

~Fi = −
∂E

∂~Ri
−
∑

j

∂E
∂ψj

∂ψj

∂~Ri
−
∑

j

∂E
∂ψ∗j

∂ψ∗j

∂~Ri

Since
E =< ψ|H|ψ >

the last two terms ∑
j

εj
∂

∂~Ri
< ψj |ψj >= 0

The first term can be directly calculated.
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Molecular Dynamics

Figure: This flow chart illustrates the procedure used in ab initio molecular dynamics simulations
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Silicon, diamond structure
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