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Point defects
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Vacancy

Equilibrium vacancy concentration
Gibbs potential

G(T , p) = U − TS − pV

n vacancy N atom
4U = ε0n

4V = v0n

Entropy

Sconfig = kB ln

(
N + n

n

)
= kB ln

(N + n)!
N!n!

Stirling-formula
ln n! ≈ n ln n

So
Sconfig = kB [(N + n) ln(N + n)− N lnN − n ln n]

From this
4G = ε0n + pv0n − kBT [(N + n) ln(N + n)− N lnN − n ln n]
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Vacancy

Equilibrium concentration
∂ 4 G
∂n

= 0

ε0 + pv0 − kBT [ln(N + n)− ln n] = 0

n
N + n

= e
− ε0+pv0

kB T

N >> n

n = Ne
− ε0+pv0

kB T

Arrhenius plot (potassium)
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Experimental determination

Thermal expansion
4V
V
≈ 3
4l
l

4V = V0n

So
4V = V0N exp−

4Hv
RT

Resistivity
4R ∝ n

Heat capacity at constant p.

cp =

(
∂H
∂T

)
p

Let us take
H = H0 + cv 4 Hv

where cv is the vacancy

cp = cp0 + cv

(
∂ 4 Hv

∂T

)
p
+4Hv

(
∂cv

∂T

)
p
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Experimental determination

cp = cp0 + cv

{(
∂ 4 Hv

∂T

)
p
+
4H2

v

RT 2

}
After neglecting the first term

4cp ≈
cv0 H2

v

RT 2
exp−

4Hv
RT
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Vacancy clusters

c1 mono c2 divacancy concentrations
Rate equations

dc1

dt
= 2K2c2 − 2K1c2

1 − K3c1

dc2

dt
= K1c2

1 − K2c2 − K4c2

K1 ≈ ν0 exp
−4Hv

RT

and

K4 ≈ 0

then

K1c2
1 − K2c2 ≈ 0

dc1

dt
= 2K1c2

1 − 2K1c2
1 − K3c1

dc1

dt
= −K3c1, c(t) = c0 exp

−K3t
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Phase rule

P is the number of phase
C is the number of component
F is the number of freedom
The conditions for thermal equilibrium
The thermal equilibrium in phases α and beta

Tα = Tβ

The mechanical equilibrium

pα = pβ

Chemical equilibrium between the i th component in phases α and beta

µiα = µiβ

Number of variables:
In each phase there are C − 1 composition variable, and T and Ép leading to

P(C + 1)
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Phase rule

Tα = Tβ = Tγ = ... P − 1equations

pα = pβ = pγ = ... P − 1equations

µ1α = µ1β = µ1γ = ... P − 1equations

µ2α = µ2β = µ2γ = ... P − 1equations

.

.

µCα = µCβ = µCγ = ... P − 1equations

Number of equations

C(P − 1) + 2(P − 1) = (C + 2)(P − 1)

Gibbs phase rule

P(C + 1) ≥ (C + 2)(P − 1)

C + 2 ≥ P
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Phase rule

István Groma, ELTE Condensed Matter Physics, Point defects. 10/17



Binary systems

G(p,T ) = U − TS + pV Gibbs free energy
Sometime the F (T ,V ) == U − TS is used
Since

dG − dF = pdV + V dp =

(
V + p

∂V
∂pT

)
dp +

1
V
∂p
∂Tp

pV dT

= V
(

1−
V
κ

)
dp + βpV dT ,

where κ is the isothermal compressibility and β the coefficient of thermal expansion, and
dp = 0.
With more than one component

dU = T dS − pdV + µAdNA + µBdNB ,

and
dG = −SdT + V dp + µAdNA + µBdNB .
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Binary systems

In this case
U = TS − pV + µANA + µBNB .

and so
G = µANA + µBNB .

Let us introduce g = G/(NA + NB)

g = µAc + µB(1− c),

where c = NA
NA+NB

is the concentration.
One can find

dg = −sdT +
1
n

dp + (µA − µB)dc

where s = S/(NA + NB) is the specific entropy and n = (NA + NB)/V
From this (

∂g
∂c

)
T ,p

= µA − µB .
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Binary systems

Figure: Determination of the chemical potential in a binary system using the concentration dependence of
the specific free enthalpy.
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Precipitation

gs = fg(c1) + (1− f )g(c2).

c = fc1 + (1− f )c2.

After eliminating f

gs =
c

c1 − c2
(g(c1)− g(c2)) +

c1g(c1)− c2g(c2)

c1 − c2
.

gs as a function of the c concentration is a line that goes through the (c1, g(c1)) and (c2, g(c2))

Gibbs free energy curves with one (a) and two (b) minimums.
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Solid-liquid

Figure: Gibbs free energy of the liquid and the solid phase as a function of the concentration.
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Phase diagram

Figure: Simple phase diagram.

Volume fraction
c = fc1 + (1− f )c2
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Eutectic Phase diagram

Figure: Phase diagram of an eutectic material.
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