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Plastic deformation

Elastic Strain Recovery

Ideal shear
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Plastic deformation

F(x) = Fo|sin (gx)’ =od
X X
= — o= u—
v 2’ Ma
So )
a
Fo=p—
From this
or = M ~30GPa
Experiment

or =~ 100MPa
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Polanyi, Orovan, Taylor (1934)
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Polanyi, Orovan, Taylor (1934)

Vito Volterra (1905)
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Dislocation

Ax elesiiszis nem egyszerre megy véghe
Ez esak akkor lehetséges, ha a kristaly
tartalmaz cgyméretii racshibakat,
diszlokaciokat.

Sy @ifpe  got® g

il i TN Sl

=
Glide: the number of atom is conserved
Climb: the number of atom is not conserved, requires high temperature.

Istvan Groma, ELTE Condensed Matter Physics, Dislocations 5/32



Dislocation

Diseloketic voog,

Field theory of dislocations

du ~ N ~
P — B —fe P
i == Bj = ﬁ,/+5,/ d[-—/B—,B +8
Dislocation density tensor
aj = ] = —eidkpf &=V xpP=-Vxpe

b = / ajdA;
A
b/' = /Ae,k,a ,3 dA = f‘ dS, = ?{du,
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Dislocation

aj = libjd (&) (& =1obi(£))

B (F) = nibké (<)
Multiple with the elastic constants and take its div:

aar Citg aa‘;k - c,,k,gk, = (dlv c% — div &P = 1)
Displacement field of a screw dlslocahon
uz = 390
2w

Stress field of a straight dislocation o « b/r

pb  y(3x® + y?)
2r(1 —v) (X2 + y2)2
pb  y(x* —y?)
2r(1 —v) (x2 + y2)2
" pb  x(x* —y?)
12 =
Istvén Groma, ELTE szdeznzg«(/Jarm_r Pl ys)cs.(D)/g%ca—!,o_ny 2)2 7132

o1 =

o2 =




Energy of a dislocation

o o b/rigy E o« b?

b\N2 .,
2(5) < b

b=g

Fcc b= 1(1,1,0)
Bec b= 5(1,1,1)
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Dislocation-dislocation interaction

Let us

leads to

Since

Istvan Groma, ELTE

=1
2

1
E = E 0',‘]'(9,'Ujdv

ext dis/
i T

U = uiext 4 u’q/s/

gj =0

ext 5. ,,ext ext o ,,disl disl 5, ext disl 5, dis!
/[a,/- O + o OU + 00U + o O] ]dV
gjj = C,-,-k,a,»u,-

E = Eext + Egis + /O’,-?Xta,'uldiydv
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Dislocation dislocation interaction

Eint = / ofMouf’sav

Partial integration

Ent = [ oo uf®)av — [ (@ogtufav
Since

ext __
8,-0,-/» =0

Ent = [ Ao ufav = [ (o5ut)an
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Dislocation-dislocation interaction

isilghetia vong]

u-nak b has a jump on the cut surface!
Eint = bj/O’l?Xtdn,'
f
For the moving line

AEjy = bj?{G,{f-’“(AL x dl);
v

AEp = 75 (dl x (6%b)); Ay
v

Peack Koehler force

I: (a_exlg) Xl
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Dislocation-dislocation interaction

ly, we need

glide = [(&eXtQ) X []% = Q&EXIQ =7b ahol n =

Edge dislocation

uwo x(x2—d?
f=>b
1b227r(1 — ) (X2 + d?)2
s
repu‘\sive

affractive
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Dislocation multiplication

source

Flow stress (Taylor relation)
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Work hardening by precipitate

Critical stress
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Dislocation patterning

Cell structure . PSB structure
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Size effect

e R e 30 ; ;
COPPER
1 25 4
P —a— annealed (uncorrected)
& —— annealed 3corrected)
o 20 —e— strain-hardened funcorrected) ]
20pm < -—e— strain-hardened (corrected)
30pm o
]
15+ ]
(MPa) 20170 pm g
200} 5 T
1.0+ 4
s —
o c|s 1 . I5 llssosi L 05 i i |
s 0 500 1000 1500 2000
Depth (nm)
Torsion test Microhardness
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Size effect

T TTT T T [ REE 30 T !
COPPER

P —a— annealed (uncorrected)
< —a— annealed 3corrected)
% 2.0 —e— strain-hardened funcorrected) ]
20pum < 7 -—e— strain-hardened (corrected)
30pm o
]
15+ ]
(MPa) 20170 pm g
200} 5 T
1.0 | 3
s —
o c|s 1 . I5 llssosi L 05 i i |
s 0 500 1000 1500 2000
Depth (nm)
Torsion test Microhardness

Local plasticity

Totass (Vs Vs ++)
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Size effect

3.0 T T
COPPER

P —a— annealed (uncorrected)
< —a— annealed 3corrected)
% 2.0 —e— strain-hardened funcorrected) ]
20pum < 7 -—e— strain-hardened (corrected)
30pm o
]
15+ ]
(MPa) 20170 pm g
200} 5 T
1.0 | 3
s —
o c|s 1 . I5 llssosi L 05 i i |
s 0 500 1000 1500 2000
Depth (nm)
Torsion test Microhardness

Nonlocal plasticity

. . a?
(¥, s o) = Totass(V, ¥ o) + lzuﬁv
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Pillar compression
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Pillar compression

m/wwm\‘
o
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Pillar compression

Istvan Groma, ELTE
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Relevant quantities

—
e
Q
ST
Il
M
)
o
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Relevant quantities

Il
—
e
Q
ST
Il
M
)
o

Definitions

Fer =17 4 peP
Fe.for =14 2¢0

CurlFP = &
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Small deformations

di A an A
3ini=ﬁij=/35+5f,? W::B:ﬁ B

Nye’s dislocation density tensor
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Small deformations

G . e
oy =By=py+6;  H=P=P+F

Nye’s dislocation density tensor

ajj = eiklakﬁf; = —einOkBy
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Small deformations

diu PPN ”
s — B — BP e Y _ 5= pe P
alu]-_ﬁlj_ﬁij+5ij dF-—B—ﬁ -+ !
Nye’s dislocation density tensor
ajj = eiklakﬁz? = —einOkBy &=V x [P =-Vxp°
Is it that we learned in school?
) T

0
bj = —/Ae,'kla—rkﬁljdAi = — fﬂ,-,-ds,- = —?{du,-.

Istvan Groma, ELTE Condensed Matter Physics, Dislocations

19/32



Small deformations

diu PPN ”
s — B — BP e Y _ 5= pe P
alu]-_,BI]_:Bij+Bij dF-—ﬁ—ﬁ -+ !
Nye’s dislocation density tensor
aj = ewdkB] = —eidkby] &=V x [P =-Vxp°
Is it that we learned in school?
) T

0
bj = —/Ae,'kla—rkﬁljdAi = — fﬂ,-,-ds,- = —?{du,-.

For a single dislocation

aj = hbis(€) (& =ToBs(e)) J
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Incompatibility

Inco ility operator

(InCA),'j = —e,-kme,-,,,aka,Amn InCA =-V X /Aq x V
f
Inc(0;f; + 0;f;) = 0 Inc [%} =0
! sim
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Incompatibility

Inco ility operator

(InCA),'j = —e,-kme,-,,,aka,Amn InCA =-V X /Aq x V
f
Inc(0;f; + 0;f;) = 0 Inc [%} =0
! sim

Incompatibility field

0

e
= —ey o e; — ¢
Nij ikm €jin ar on mn
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Incompatibility

ility operator

(InCA),'j = —e,-k,,,e,-,,,aka,Amn InCA =-V X /A4 x V
f
Inc(0;f; + 0;f;) = 0 Inc [%} =0
! sim

Incompatibility field

o 0 PN A
Nij = —CikmEijin 5~ ar, o, €mn (inc & = 1)
1 0 0 o &
nj = > (e/-,,,a ’Ot,m a4 e,/na Ia/m> (77 = [a x V]sym)
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Stress
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Stress

e 5 7 .ce
ojj = Lijkeg (0' =L:¢ )

Elastic deformation <+ Stress

L s (inc (i“&) = A)
nij = ikm €jin o on, 'mnop% op ="
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Stress

e 5 7 .ce
ajj = Likeg (0' =L:¢ )

Elastic deformation <+ Stress

L s (inc (i“&) = A)
nij = ikm €jin o on, 'mnop% op ="

Is it enough?
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Stress

Elastic deformation <+ Stress

S =l (inc (IA_‘“) A)
. — @ Ty —— o =
Nij ikm €jin o on, 'mnop% op n

Is it enough?
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Stress

Elastic deformation <+ Stress

o 0 ,_ (114 a
Nij = _eikmejlna_rka_r’Lm:)opaop (’”C (L K ) = 77)
Is it enough?
df
nc | — =0
sym

Equilibrium condition

1o} B
8—ri0',-j =0 (div 6 = 0)
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Second order stress function

o 0 PN
ojj = —e,-kmej,,,a—rk a—rIan (0‘ = Inc X)
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Second order stress function

o 0 A
ojj = —e,-kmej,,,a—rk 6—”’an (0’ = Inc X)
Due to the identity
div inc =0 divé =0
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Second order stress function

Ojj = —€ikm€jin 7 — 0 19 mn (6 = inc X)
! " ane on
0 0 0 0 N . PN
nj = elkme//neoqvepqumnop or 8/’/ 8rq 3I'u (77 = Inc (L tinc X))
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Second order stress function

ojj = —e,-kmej,,,a—n( 8—”’an (6’ = inc X)
for isotropic materials
;o1 v 5
Xij = Z Xij — 1_'_—21/ka if
s = 2 g e LA
Xij = e\ Xy Xk
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Second order stress function

9] 8 A
Ojj = —€ikm€jin 7 — o, 8/’ (6 = inc X)
for isotropic materials
; 1 v s
Xij = Z Xij — 1_'_—21/ka i
v
Xj = 2p (xf,- + mxi«‘sii)
VAxG = (4% =1).

gauge condition

0

o, x,/ =0 (div ¥’ =0)
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2D case

Stres! ion — stress (0/0z = 0)

82 8%y 3x .
911 __Byz’ 22 Ix2’ U12—m7 X = X33
el 0000 Oxm O
8 ox’ 57 oy’ ox y
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2D case

Stres! ion — stress (0/0z = 0)

? PPx x _
911 __Byz’ 022——W7 U12—m7 X = X33
opp= 20 5 200 _Oxm Oxat
8 ox’ 57 oy’ ox y

Field equations
Edge dislocation

2 0 0

4 7

= by~ — by— —
Vi (18y bzax)(pd+ pd—)

1—v
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2D case

Stres! ion — stress (0/0z = 0)

= s e S
1= ayza 22 ox2’ 12 = 8Xay7 X = X33
opp= 20 5 200 _Oxm Oxat
23 ax’ 13 8y7 E% ay

Edge dislocation

Shrew dislocation

Istvan Groma, ELTE

Field equations

2 o] 0
4. H 9 9 -
Vix = 1_ (b1 oy bzax) (pd+ — pd—)

v

V2¢ = ubs(pas — pa—)
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2D stress

VAG=46(r) G(F) = 81—7Tr2 In(r)

pb  y(3x% +y?)

T (1 —v) (@1 y2)2
_ b y(x2—y?)
922 = 2 ,2)2
27(1 —v) (X2 + y?)
pb  x(x* — y?)
J12 =

2r(1 —v) (x2 + y2)2
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Variational approaches |.

sticity F(¢) = F([dii/d7]

sim
. OF
o= —
de
oF oF
— —=0— =080; =0
5U,‘ 166,']' o
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Variational approaches |.

sticity F(¢) = F([dii/d7]

sim
. OF
o= —
de
oF oF
L — 90— =080:=0
5U,‘ ]56,'/' o

Plasticity
Qlée. 81 = F() — [ 15 (1noé® — i)]av

sQ . Q e -
ﬁza—ln(:xzo, g:/nc‘e —-7n=0
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Variational approaches II.
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Variational approaches II.

0G
—=5 =¢
Consider
PIR) = Glinos = 6) + [[: d)lav
One obtains
ﬂf = lncﬁ + 7= —Ince® + 7 =0,
()% 66
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Variational approaches II.

Consider

PIR) = Glinos = 6) + [[: d)lav J
One obtains

ﬂf = Incé?‘ +17 = —Ince® + 7 =0,

()% 66

Dislocation dislocation interaction (Peach-Koehler force)

dP

Fi = €iatkoimbm = ——
ol
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Plain strain (2D) case

Plx] = / [—g(ax)%rbxayn)] av

with D = (1 —v)/2u, and

K= Z:té(?— r)
J

Leading to

D A2 x = bdy [Z +6(F — ?,-)}

J
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Core regularization

Ghonlocallo] = Go — b? / Niimn(8iojk)jomndV,
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Core regularization

Grontocal[0] = Go — b? / Nijmn(0iojk)O1omndV, J

2D isotopic material

Plx] :/{_14_; [le|2+a2|VAx|2] +bchi825(r)}d2r
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Core regularization

Grontocal[0] = Go — b? / Nijmn(0iojk)O1omndV, J

2D isotopic material

Plx] = / {—14;”” [|Ax|2 4 a2|VAx|2] + bchi625(r)} d?r

Leading To

2
A2y — PNy = 1&825(1‘)
—v
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Core regularization

0.6 ‘ ‘ ‘ : :
Classical stress field
Stress field with core regularisation -----------
04 1 10 50
T 1
T ] RS
S |
S 0.2 i o
=)
)
=

x [a]
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Role of elastic anharmonicity

ojj = Lixex + Kijkimnekiemn J
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Role of elastic anharmonicity

Ganharm[0] := Go -I—/ |:Cijklmn0'ij°'kl0'mn = (9(0‘;}- :| dv
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Role of elastic anharmonicity

Cuarnlo] = Go + [ [Cpmnoryoromn + Oof)] AV

2D edge dislocation

o = [ [- B + S o7

Istvan Groma, ELTE Condensed Matter Physics, Dislocations 30/32



Role of elastic anharmonicity

Guntharml0] := Go + / [Cimnoionom + O(af)] v

2D edge dislocation

o = [ [- B + S o7

Extra energy

V1("):( +4

167w2D

by — by)b? {y(3X2r4+ y?) Zin (f)] :
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Time evolution
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Time evolution

] 8 , X 5
a,‘j+e,'k/a—rkj/j=0 (a+V></=0)

where
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Time evolution

. a . % A
a,‘j+e,'k/a—rkj/j=0 (a-i-VXj:O)

where

Physical meaning

ab; .
th == }{/ijdsi
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Time evolution

] 9 . ; -
Ot,‘j+e,‘k/a—rkj/j=0 (a-l—VXj:O)

where

Physical meaning

ab; )
Ftl == }{/ijdsi

For individual dislocation (Orowan’s equation)

Jik = €imhVmbid(€) (7 = (Tobé(€)) x V) J
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Displacement field

aui_ e P dl—j_"e ap
o =P +H 57 =P+ B

Istvan Groma, ELTE
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Displacement field

oy e, AP
a=id (G-
Multiply with L and take its div
o, ou 0 di s
B, M oy, = a_r,-L"f"’BZ (dlv Lop =dv Lﬁp)

Istvan Groma, ELTE
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Displacement field

oy e, ap

(

d—‘i:Be+Bp)

ar

Multiply with L and take its div

o ou o
ar L g = {TriLijk/ﬁZ

(dlv IA_Z—L; = div L[J’p)

Taking the time derivative

0 Oy o] .
— [l = L
ar, ijkl ar, ar, ijkl /Kl

(div Z% = div Z})
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