
Condensed Matter Physics
Statistical physics of dislocations

István Groma

ELTE

May 3, 2019

István Groma, ELTE Condensed Matter Physics, Statistical physics of dislocations 1/1



Microscopic picture

István Groma, ELTE Condensed Matter Physics, Statistical physics of dislocations 2/1



Microscopic picture

István Groma, ELTE Condensed Matter Physics, Statistical physics of dislocations 2/1



General properties

Long range, scale free interaction F ∝ 1/r .

Dissipative eq. of motion v ∝ F

Motion is restricted to the slip planes (Quenched disorder)

Thermal noise is irrelevant, T = 0
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DDD single slip in 2D

Equation of motion

dxi

dt
= M0b

 N∑
j=1

si sjτind (~rj − ~ri ) + τext



Equation of motion with thermal noise

dxi

dt
= M′

b
√
ρ

 N∑
j=1

si sjτind (~rj − ~ri ) + τext

+
√

2M′kBTζi (t)

< ζi (t)ζj (0) >= δijδ(t)

Since

τind = ∂x∂yχind ⇒ τind = −∂xΦind

dxi

dt
= −M′∂xiV ({~ri}) +

√
2M′kBTζi (t)

V ({~ri}) =
b

2
√
ρ

∑
ij

si sjΦind (~ri − ~rj )
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Fokker–Planck equation

dp({xi}, t)

dt
= M′

∑
i

∂xi [p({xi}, t)∂xiV ({~ri}) + kBT∂xi p({xi}, t)]

Steady state solution

[∂xiV ({~ri}) + kBT∂xi ] p∞({xi}) = 0

p∞({xi}) =
1

Z
e
− V

kBT

Time scales

trelax =
1

M′ρ

√
ρ

b2µ
=

1

M0ρb2µ
� tT =

1

M′ρ

1

kBT
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Time evolution of the energy

dV

dt
=
∑
i

~vi
dV

d~ri
= −

∑
i

M′v2
i < 0
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Coarse graining

Set a parallel edge dislocations with ±~b

∇4χ =
2µ

1− ν
(b∂y )κd with κd =

∑
i

siδ(~r − ~ri )

Partial integrations

∇4
∫

w(~r − ~r ′)χ(~r ′)d~r ′ =
2µ

1− ν
b∂y

∫
w(~r − ~r ′)κd (~r)d~r ′

Coarse grained fields

< χ >=

∫
w(~r − ~r ′)χ(~r ′)d~r ′ < κ >=

∫
w(~r − ~r ′)κd (~r ′)d~r ′

< σ >11= −∂yy < χ >, < σ >22= −∂xx < χ >, < σ >12= ∂xy < χ >
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Micro − > meso

Equation of motion

~vi = M0
~b
(∑N

j 6=i τind(~ri − ~rj ) + τext
)

δ(~r − ~ri )
~vi = M0

~b
(∑N

j 6=i τind(~ri − ~rj ) + τext
)

b d
d~r∑N
i=1

∂ρ+(~r1, t)

∂t
+ M0

~b
d

d~r1

[
ρ+(~r1, t)τext +

∫ {
ρ++(~r1,~r2, t) − ρ+−(~r1,~r2, t)

}
τind(~r1 −~r2)d~r2

]
= 0

∂ρ−(~r1, t)

∂t
− M0

~b
d

d~r1

[
ρ−(~r1, t)τext −

∫ {
ρ−−(~r1,~r2, t) − ρ−+(~r1,~r2, t)

}
τind(~r1 −~r2)d~r2

]
= 0
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Plastic shear

Dislocation density tensor

α31 = b(ρ+ − ρ−) = bκ ρ = ρ+ + ρ−

bκ = −
∂βp

12

∂x
.

with γ = βp
12

κ = −
~b

b2

dγ

d~r

Geometrically Necessary Dislocation (GND) density

Deformation rate

∂κ

∂t
= −

~b

b2

d γ̇

d~r
.

István Groma, ELTE Condensed Matter Physics, Statistical physics of dislocations 9/1



Plastic shear

Dislocation density tensor

α31 = b(ρ+ − ρ−) = bκ ρ = ρ+ + ρ−

bκ = −
∂βp

12

∂x
.

with γ = βp
12

κ = −
~b

b2

dγ

d~r

Geometrically Necessary Dislocation (GND) density

Deformation rate

∂κ

∂t
= −

~b

b2

d γ̇

d~r
.

István Groma, ELTE Condensed Matter Physics, Statistical physics of dislocations 9/1



Plastic shear

Dislocation density tensor

α31 = b(ρ+ − ρ−) = bκ ρ = ρ+ + ρ−

bκ = −
∂βp

12

∂x
.

with γ = βp
12

κ = −
~b

b2

dγ

d~r

Geometrically Necessary Dislocation (GND) density

Deformation rate

∂κ

∂t
= −

~b

b2

d γ̇

d~r
.

István Groma, ELTE Condensed Matter Physics, Statistical physics of dislocations 9/1



Plastic shear

Dislocation density tensor

α31 = b(ρ+ − ρ−) = bκ ρ = ρ+ + ρ−

bκ = −
∂βp

12

∂x
.

with γ = βp
12

κ = −
~b

b2

dγ

d~r

Geometrically Necessary Dislocation (GND) density

Deformation rate

∂κ

∂t
= −

~b

b2

d γ̇

d~r
.

István Groma, ELTE Condensed Matter Physics, Statistical physics of dislocations 9/1



Plastic shear

Dislocation density tensor

α31 = b(ρ+ − ρ−) = bκ ρ = ρ+ + ρ−

bκ = −
∂βp

12

∂x
.

with γ = βp
12

κ = −
~b

b2

dγ

d~r

Geometrically Necessary Dislocation (GND) density

Deformation rate

∂κ

∂t
= −

~b

b2

d γ̇

d~r
.

István Groma, ELTE Condensed Matter Physics, Statistical physics of dislocations 9/1



Self-consistent field

Simplest assumption

ρss′ (~r1, ~r2, t) = ρs(~r1)ρs′ (~r2), s, s′ ∈ {+,−}.

∂ρ(~r , t)

∂t
+ M0

~b
∂

∂~r
[κ(~r , t) {τsc (~r , t) + τext}] = 0

∂κ(~r , t)

∂t
+ M0

~b
∂

∂~r
[ρ(~r , t) {τsc (~r , t) + τext}] = 0

where

τsc (~r) =

∫
κ(~r1, t)τind (~r − ~r1)d~r1

τsc is not ”new”

∆2χ =
2bµ

(1− ν)

∂

∂y
κ(~r), τsc =

∂2

∂x∂y
χ
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Local density approximation

ρss′ (~r1, ~r2, t) = ρs(~r1)ρs′ (~r2)(1 + dss′ (~r1, ~r2)) s, s′ ∈ {+,−}
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Local density approximation

ρss′ (~r1, ~r2, t) = ρs(~r1)ρs′ (~r2)(1 + dss′ (~r1, ~r2)) s, s′ ∈ {+,−}

dss′ (~r1, ~r2) = dss′ ((~r1 − ~r2)
√
ρ(~r1))

Stress “like” terms with ρ = ρ+ + ρ− and κ = ρ+ − ρ−

∂tρ+(~r , t) + M0b∂x

{
ρ+

[
τext + τsc − τf + τb + τa +

κ

ρ
τf

]}
= 0

∂tρ−(~r , t)−M0b∂x

{
ρ−

[
τext + τsc − τf + τb − τa −

κ

ρ
τf

]}
= 0

τsc(~r) =

∫
τind(~r − ~r ′)κ(~r ′)d2r ′,

1− ν
2µ

42 χ = b∂yκ

τf (~r) = Friction stress .... µbα
√
ρ(~r),

τb(~r) = −Gb
D

ρ
∂xκ(~r),

τa(~r) = −Gb
A

ρ
∂xρ(~r),
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Phase field theory

Balance equations for ρ+ and ρ−

∂tρ± + ∂x [ρ±v±] = ±f (ρ+, ρ−)

Balance equations for ρ+ and ρ− with no sources

∂tρ± + ∂x [ρ±v±] = 0

Dissipative motion (v± ∝ ∓τ)

τ =
δE

δγ
, E

[
κ =

1

b
∂xγ

]
⇒ τ = −∂x

δE

δκ
, ⇒ v± = −M0∂x

δE

δκ

Phase field functional P[ρ+, ρ−, χ]

∂tρ+ − ∂x
{
ρ+M0

[
∂x
δP

δκ
+β∂x

δP

δρ

]}
= 0

∂tρ− + ∂x

{
ρ−M0

[
∂x
δP

δκ
−β∂x

δP

δρ

]}
= 0
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Phase field functional

Coarse grained energy functional

Psc[χ, ρ+, ρ−] =

∫ [
−

1− ν
4µ

(4χ)2 + bχ∂yκ

]
d2r

Minimum condition

δPsc

δχ
= 0

1− ν
2µ

42 χ = b∂yκ, τsc = ∂x∂yχ

Evolution equation

∂ρ(~r , t)

∂t
+ M0

~b
∂

∂~r
[κ(~r , t) {τsc (~r , t) + τext}] = 0

∂κ(~r , t)

∂t
+ M0

~b
∂

∂~r
[ρ(~r , t) {τsc (~r , t) + τext}] = 0

István Groma, ELTE Condensed Matter Physics, Statistical physics of dislocations 14/1



Phase field functional

Coarse grained energy functional

Psc[χ, ρ+, ρ−] =

∫ [
−

1− ν
4µ

(4χ)2 + bχ∂yκ

]
d2r

Minimum condition

δPsc

δχ
= 0

1− ν
2µ

42 χ = b∂yκ, τsc = ∂x∂yχ

Evolution equation

∂ρ(~r , t)

∂t
+ M0

~b
∂

∂~r
[κ(~r , t) {τsc (~r , t) + τext}] = 0

∂κ(~r , t)

∂t
+ M0

~b
∂

∂~r
[ρ(~r , t) {τsc (~r , t) + τext}] = 0

István Groma, ELTE Condensed Matter Physics, Statistical physics of dislocations 14/1



Phase field functional

Coarse grained energy functional

Psc[χ, ρ+, ρ−] =

∫ [
−

1− ν
4µ

(4χ)2 + bχ∂yκ

]
d2r

Minimum condition

δPsc

δχ
= 0

1− ν
2µ

42 χ = b∂yκ, τsc = ∂x∂yχ

Evolution equation

∂ρ(~r , t)

∂t
+ M0

~b
∂

∂~r
[κ(~r , t) {τsc (~r , t) + τext}] = 0

∂κ(~r , t)

∂t
+ M0

~b
∂

∂~r
[ρ(~r , t) {τsc (~r , t) + τext}] = 0

István Groma, ELTE Condensed Matter Physics, Statistical physics of dislocations 14/1



Correlation part

Correlation contribution
P[ρ+, ρ−, χ] = Psc[ρ+, ρ−, χ] + Pcorr[ρ+, ρ−]

P±corr[ρ±] =

∫ [
GAbρ ln

(
ρ

ρ0

)
+

GDb

2

κ2

ρ

]
d2r

Evolution equations

∂tρ = −Mb∂x

{
κτsc − GbD

κ

ρ
∂xκ− GbA∂xρ

}

∂tκ = −Mb∂x

{
ρτsc − GbD∂xκ− GbA

κ

ρ
∂xρ

}
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Flow stress

Adding flow stress

∂tρ = −Mb∂x

{
κτsc − GbD

κ

ρ
∂xκ− GbA∂xρ

}

∂tκ = −Mb∂x
{
ρτsc − ρ

(
1− κ2

ρ2

)
τf − GbD∂xκ− GbAκ

ρ
∂xρ
}

τf (τsc ) =

{
τsc if τsc < αµb

√
ρ

αµb
√
ρ if τsc > αµb

√
ρ

∂tρ = ∂x

{
κM0∂x

δP

δκ
+ ρM0∂x

δP

δρ

}

∂tκ = ∂x

{
ρM

(
∂x
δP

δκ

)
+ κM0∂x

δP

δρ

}

M(x) = M0


κ2

ρ2 x if |x | < x0

sgn(x)
[
|x | − x0

(
1− κ2

ρ2

)]
if |x | = x0

with x0 = αµb2√ρ
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Finite size effect
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Finite size effect
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Finite size effect
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ρ
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x [ρ
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if ρ = 1/l2

τ = GbD
1

ρ(~r)

∂κ(~r)

∂x

κ(~r) = τ
1

l2
1

GbD
x
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Finite size effect
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if ρ = 1/l2

τ = GbD
1

ρ(~r)

∂κ(~r)

∂x

κ(~r) = τ
1

l2
1

GbD
x

at the surface −L/2 ρ = −κ

τ = −GbD
1

κ(~r)

∂κ(~r)

∂x

κ(~r) = κ0 exp

{
−τ

1

GbD
x

}
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NG composite
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NG composite
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Debye screening

Single dislocation

1− ν
2µ

42 χ = b∂2δ

Single dislocation+”bath”
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42 χ = b∂2δ + b∂2κ

Single dislocation+induced GND
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42 χ = b∂2
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Only GND

Dislocation configuration
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Density evolution

j+ = −M0AbG∂xρ+ ≡ 0
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Beyond Gradient term

Plastic potential

P =

∫
G

{
−

(1− ν
4µ

(4χ)2 + bχ∂yρ+ + GbAρ+ ln(ρ+/ρ0)

+ρ+U
[
(∂xρ+)2/ρ3

+

]}
d2r

Surface term ⇒ Boundary condition

Psurface =

∫
∂G

λ
√
ρ+(~b~n)ds

István Groma, ELTE Condensed Matter Physics, Statistical physics of dislocations 21/1



Beyond Gradient term

Surface term ⇒ Boundary condition

Psurface =

∫
∂G

λ
√
ρ+(~b~n)ds

István Groma, ELTE Condensed Matter Physics, Statistical physics of dislocations 21/1



Dislocation patterning

Cell structure PSB structure
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Stability analysis

Trivial solution

ρ(~r , t) = ρ+ δρ(~r , t)

κ(~r , t) = δκ(~r , t)

χ(~r , t) = τ0xy + δχ(~r , t)

Periodic perturbation  δρ
δκ
δχ

 =

 δρ0

δκ0

δχ0

 exp

(
λ

t0
t + i
√
ρ0
~k~r

)

István Groma, ELTE Condensed Matter Physics, Statistical physics of dislocations 23/1



Stability analysis

Trivial solution

ρ(~r , t) = ρ+ δρ(~r , t)
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χ(~r , t) = τ0xy + δχ(~r , t)

Periodic perturbation  δρ
δκ
δχ

 =

 δρ0

δκ0

δχ0

 exp

(
λ

t0
t + i
√
ρ0
~k~r

)

Stability condition

(γ̇′ + 2α′)(γ̇′ − α′) + A
k2
x k

2
y

k4
+ ADk2

x < 0.
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Length scale selection
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3D

Fields: ρ(~r , ϕ) and k(~r , ϕ)

5̂ = ρ(~r , ϕ) + ∂φ

L(~r , ϕ) = (cos(φ), sin(φ), 0, k(~r , ϕ))

Velocities

~v = (v1, v2, 0) = v(~r , ϕ)(sin(φ),− cos(φ), 0)

V (~r , ϕ) = (v1, v2, 0,−5L v)

Evolution eqs. q = ρk

∂tρ = −5̂(ρV ) + qv

∂tq = −5̂(qV )− ρ5̂L5̂Lv
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