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Variance method for the evaluation of particle size and dislocation density
from x-ray Bragg peaks

A. Borbélya) and I. Groma
Institute for General Physics, Eo¨tvös University Budapest, Pa´zmány Péter Sétány 1/A, H1518, POB 32,
Budapest, Hungary

~Received 8 March 2001; accepted for publication 18 July 2001!

A method is presented to determine the particle size and internal strain from broadened x-ray peaks
obtained on small coherent domains containing dislocations. In contrast with the evaluation
techniques applied earlier, the proposed procedure requires only the measurement of a single line
profile. It is based on the asymptotic behavior of the second-and fourth-order restricted moments. At
the asymptotic part of the second-order restricted moment, the finite grain size causes a linear
diffraction vector dependence, while that of the dislocation-induced strain is logarithmic. On the
fourth-order moment, the two sources of broadening result in cubic and parabolic behavior. The
method is illustrated by analyzing x-ray peaks measured on a cold-and hot-deformed AlMg alloy
and on a nanocrystalline iron powder. ©2001 American Institute of Physics.
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In order to determine the particle size and mean str
from broadened x-ray Bragg peaks, several methods h
been developed. The three most commonly applied eva
tion techniques are the Warren–Averbach~WA! analysis1

dealing with the Fourier coefficients, the method of William
son and Hall~WH!2 based on the reflection order variation
the width of the Bragg peaks, and the variance method p
posed by Wilson.3 For the separation of particle size an
strain contributions to the broadening of the x-ray Bra
peaks, the WA analysis assumes that the frequency distr
tion of strain is of a Gaussian type, restricting its applicab
ity to only a few crystallographic directions and special m
terials. In their original forms, the methods mentioned c
not be used to separate size and strain for the vast majori
materials containing dislocations, for which the frequen
distribution of strain is logarithmic.4–7.

For isotropic particle shapes, Unga´r and Borbe´ly8 have
proposedmodifiedWA and WH methods, in which the an
isotropic strain field of the dislocations is taken into accou
With this modified analysis, using data from different ord
Bragg reflections, the profile broadening contributions of
particle size and strain can be separated. Several other m
ods have been developed, which account for size anisot
and size distribution,9 or for size and strain distributions.10,11

For the evaluation of the dislocation density and its fluct
tion, Groma12 has developed a variance method, similar
that of Wilson. It is based on the asymptotic behavior of
second- and fourth-order restricted moments~defined next!.
In the form proposed by Groma,12 however, it can be applied
only if the coherent domain size is large enough~above
about 1mm!. It is important to note that an evaluation pr
cedure based on the integral properties of the line profil
recommended since it smooths a certain amount of scatt
the experimental data.

Comparing the results of Wilson3 and Groma,12 it turns
out that the particle size and the strain induced broaden

a!Electronic mail: borbely@ludens.elte.hu
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create different asymptotic behavior of thekth order re-
stricted moments~RM! defined as:

Mk~q8!5E
2q8

q8
qkI ~q!dqY E

2`

`

I ~q!dq, ~1!

in which I (q) is the intensity distribution as a function o
q52/l@sin(u)2sin(u0)#, where l is the wavelength of the
x-ray, u is the diffraction, andu0 is the Bragg angle. In the
following, the properties of the second- and the fourth-ord
RMs are analyzed. According to Wilson3 and Groma,12 for
large enoughq values, the second-order RM has the form

M2~q!5
1

p2eF
q2

L

4p2K2eF
2 1

L^r& ln~q/q0!

2p2 , ~2!

where the first two terms originate from the finite partic
size, and the third one is due to the dislocations. In Eq.~2!,
eF is the average column length13 or area weighted particle
size3 measured in the direction of the diffraction vectorg ~it
will be referred simply as particle size in the following!, K is
the Scherrer constant, andL is the so called taper paramete3

depending on the rate of decrease of the cross section ar
the crystallites. BothK andL are functions of the diffraction
orderhkl. In the third term of Eq.~2!, ^r& is the average value
of the dislocation density,q0 is a fitting parameter not inter
preted physically, andL is a geometrical constant describin
the strength of dislocation contrast. It depends on the diffr
tion vectorg, the Burger’s vectorb, the dislocation line vec-
tor l, and the elastic constants of the crystal. Its value~which
is in the order of magnitude of one! can be determined nu
merically for different crystal orientations and relative disl
cation populations.14–16

The asymptotic form of the fourth-order RM (M4) reads
as ~for practical reasons, it is better to considerM4 divided
by q2!:

M4~q!

q2 5
1

3p2eF
q1

L^r&
4p2 1

3L2^r2&
4p2q2 ln2~q/q1! , ~3!
2 © 2001 American Institute of Physics
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where ^r2& is the average of the square of the dislocat
density, andq1 is a fitting parameter.

As can be seen, inM2 the leading term related to finit
size is proportional toq, while dislocations result in a loga
rithmic q dependence. The difference is more expressive
Eq. ~3!, the term due to finite domain size is again linear inq,
but tends to be a constant if the broadening is only create
internal strain. These characteristic behaviors can be ea
realized by the eye and one can determine the type of br
ening caused by the sample investigated. In order to s
how the size and dislocation structure parameters can be
tained from the quantitative analysis ofM2 and M4 , line
profiles measured on three different materials correspon
to pure strain, pure size, and mixed type broadening are
vestigated.

Figure 1 shows high-resolution x-ray peaks obtained
AlMg samples deformed in compression at room tempe
ture ~RT! ~200 reflection!, on AlMg samples hot rolled a
400 °C, and on a ball milled then annealed iron powder~220
reflection!. The measurements were performed on a dou
crystal diffractometer with negligible instrument
broadening.17 Comparing the two AlMg samples, it is ev
dent that the central part~up to above 331024 intensity! of
the peak obtained on the hot rolled sample is narrower t
the one corresponding to RT deformation, but the first o
has much longer tails where the intensity decays slowly. T
peak measured on the nanocrystalline iron is very broad
from previous investigations only particle size broadening
expected.18

The fourth-order moment divided byq2 is presented in
Fig. 2 for the three different samples. The characteristic f
ture of the curve of the cold-deformed AlMg is the same
obtained by Sze´kely, Groma, and Lendvai19 on deformed Cu
single crystals. It has a maximum ateq1 and tends to be a
constant value. It is in complete agreement with Eq.~3!, if
the broadening is induced only by dislocations~i.e., the grain
size is infinite!. The maximum is related to the third-~second-
order! term in Eq.~3! which is proportional to the average o
the square of the dislocation density^r2&. As explained in
detail in Ref. 16,̂ r2& is a very important parameter to cha

FIG. 1. High-resolution x-ray Bragg peaks which show pure strain~AlMg at
RT!, pure size~nano Fe!, and combined broadening~AlMg at 400 °! are
shown.
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acterize the spatial distribution of dislocations. The cur
reaches a constant value at largeq. This gives a dislocation
density of about 731013m22 for the sample investigated.

The behavior of the fourth-order moment correspond
to the iron powder is much simpler. Apart from the vicini
of the origin, it is linear which indicates a strong size effe
As pointed out in Ref. 18, the dislocations created by the b
milling of the powder, leave the crystal during annealin
Although grain coarsening takes place, the particle size
mains small enough to produce considerable broadening.
cording to Eq.~3!, the grain size and the dislocation dens
can be determined by fitting a straight line to the asympto
part of theM4 /q2 curve@in Eq. ~3!, for a large enoughq, the
third term can be neglected compared with the first tw#.
This gives an average grain size of about 35 nm, which
somewhat smaller than the 59 nm obtained by Ref. 18 w
the modified WH method.~The difference between the tw
sizes is due to the fact that the present method gives the
while the WH the volume weighted average size!. The inter-
cept of this line is proportional to the average dislocati
density, which is very small for this sample. This is in acco
dance with earlier results obtained by Fourier analysis.18

As can be seen in Fig. 2, the curve corresponding to
hot rolled AlMg alloy has a combined behavior of the fir
two ones. Initially, similar to the case of the cold-deform
sample, it increases rapidly at the beginning, but becom
linear at largeq, as for the curve of the nanocrystalline iro
The slope of the curve is proportional to the coherent dom
size which, is found to be about 750 nm. The intercept of
straight line fitted to the asymptotic part ofM4 /q2 gives the
dislocation density which is about 1.531013m22. The evalu-
ated size is much smaller than the grain size estimated f
scanning electron microscopy~SEM! investigations20 and is
attributed to subgrain formation during hot rolling. This is
accordance with the results of Refs. 11, 21 and 22, where
shown that small angle boundaries break the coherenc
the diffracted x-rays, causing a finite size-type broadenin

The second-order moments plotted in Fig. 3 also ha
very typical behaviors. Both the curve corresponding to
iron powder and to the cold-deformed AlMg samples exhi
the expected linear and logarithmic behaviors, respectiv

FIG. 2. Characteristic behavior of the fourth-order moment divided byq2 is
shown. The data for the iron powder are given on the right-hand side a
IP license or copyright, see http://ojps.aip.org/aplo/aplcr.jsp
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For the iron powder, the average grain sizeeF determined
from M2 agrees, to within a few percent, with the size o
tained from the fourth-order moment. It is important to no
that the intercept of the fitted straight line is not zero, i.e,
taper parameterL does not vanish. This indicates that th
crystallites are not spherical. According to Eq.~2!, in order to
determine the dislocation density in the cold-deform
sample, it is recommended to plotM2 versus the logarithm
of q then to fit a straight line to the linear part ofM2 . For
x-ray peaks with negligible particle size broadening, t
evaluated values of average dislocation density obtai
from the second-and fourth-order RM agree well~generally
to 10%!. For combined cases like the hot rolled AlM
sample, the particle size can be determined with a high
curacy from the slope of the line fitted to the linear part
M2 . Unfortunately, the intercept of this line cannot be inte
preted in simple physical terms. Furthermore, according
our experience, it is not possible to evaluate the disloca
density fromM2 with sufficient precision. However, with th
average size determined fromM2 and with an assumed pa
ticle shape, the size related broadening can be deconvo
from the original data. After this, the dislocation density c
be determined from the deconvoluted profile by the Fou
method outlined in Ref. 7. Certainly it should give the sa
value as obtained fromM4 , but this can be the only metho
if due to the lack of intensity, the scatter onM4 is too high
for proper evaluation.

Because of the possibility of the simultaneous evolut
of M2 andM4 , the proposed evaluation procedure has a k
of internal consistency. It is well known that the Bragg pea
obtained on samples with small particle sizes often have h
levels of background, which is the main obstacle in
straightforward and unique evaluation. For the method p
sented here, the right background level can be determ
from the condition that both theM2 and M4 restricted mo-
ments have to give the same particle size.

FIG. 3. Characteristic behavior of the second-order moment is shown.
data for the iron powder are given on the right-hand side axis.
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According to our experience, if the recorded Bragg pe
corresponds to pure strain or pure size broadening, the
rameters of the first two nonvanishing terms given by E
~2! and~3! can be satisfactorily determined from theM2 and
M4 /q2 plots. In the case of combined broadening, howev
only the particle size and the dislocation density can be
tained with acceptable accuracy. We believe that with
simple visual analysis of the restricted moments, one
determine the type of broadening existing in a given exp
ment. After this, with the method outlined, the evaluation
the size and strain parameters can be done in a very sim
way. It has to be mentioned that although many import
structural parameters of the investigated sample can be
termined from a single peak, in order to obtain detailed
formation about the grain size distribution and the dislo
tion microstructure, the simultaneous analysis of seve
Bragg peaks is necessary.
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15T. Ungár, I. Dragomir, Á. Révész, and A. Borbe´ly, J. Appl. Crystallogr.32,

992 ~1999!.
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