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The problem of asymmetric X-ray diffraction peak broadening caused by

dislocations is investigated. The leading term responsible for the asymmetry of

the intensity distribution is calculated for randomly distributed polarized dipoles

and dipole walls. It is found that the polarization structure of a dislocation

ensemble can be determined from the diffraction order dependence of the

pro®le asymmetry.

1. Introduction

After the pioneering theoretical works of Krivoglaz (Krivo-

glaz & Ryaboshapka, 1963; Krivoglaz et al., 1983) and Wilkens

(1969a,b, 1970), X-ray peak pro®le analysis became an ef®-

cient tool for studying the properties of dislocation ensembles

developing during the plastic deformation of crystalline

materials (UngaÂr et al., 1984, 1998; Hacker et al., 1997;

Klimanek & Kuzel, 1988). There are, however, two major

drawbacks of these early theories. They cannot account for the

asymmetric diffraction peak broadening often observed

experimentally (UngaÂr et al., 1984), since they predict only

symmetric peak pro®les. Furthermore, they describe the

pro®le shapes for speci®c and quite arbitrary dislocation

distributions, like restricted random dislocation distributions.

Although asymmetric broadening can be understood by

combining the theory of Wilkens and the quasi-composite

model (UngaÂr et al., 1984), the disadvantage of this approach

is that it is based on several ad hoc assumptions. As shown by

GaaÂ l (1984), a random distribution of polarized dislocation

dipoles also causes an asymmetric pro®le. Thus, asymmetric

broadening can appear under more general conditions than

those considered in the quasi-composite model. The problem

was ®rst analysed in detail by Groma et al. (1988) for a general

dislocation con®guration.

It has been found recently by Groma (1998) that, if the

diffraction peak broadening is caused by dislocations, the tail

properties of the intensity distribution I(q) [q = 4�(sin� ÿ
sin�0)/�, where � is the wavelength of the X-rays, � is the

scattering angle, and �0 is the Bragg angle] can be obtained

without making any speci®c assumption about the actual form

of the dislocation distribution. The tail of the symmetric part,

[I(q) + I(ÿq)]/2, of the peak pro®le depends on two char-

acteristic parameters of the dislocation distribution, namely

the average dislocation density and the average value of the

dislocation density ¯uctuation, both having well de®ned

physical meanings [for a procedure for the determination of

these parameters from the measured pro®les see work by

Groma & SzeÂkely (2000)]. The decay of the antisymmetric

part of I(q) is determined by an additional parameter, de®ned

below and denoted by hs�2�i. Since it depends on the disloca-

tion con®guration in a complicated way, its physical meaning is

not so simple. The aim of the present paper is to determine the

actual diffraction vector dependence of hs�2�i for randomly

distributed polarized dislocation dipoles and dipole walls. This

opens the possibility that by X-ray peak pro®le measurements

one can determine the type of locally polarized dislocation

con®guration developed in the sample investigated.

2. Asymptotic properties of the intensity distribution

By investigating the diffraction peak broadening caused by a

set of parallel dislocations with line vector l and Burgers

vector b, Groma et al. (1988) (see also Groma, 1998) found

that, up to the fourth order, the Fourier transform of the

intensity distribution I(q),

A�n� �
Z

I�q� exp�ÿiqn� dq; �1�

has the form

A�n� � 1 ��h�in2 ln
ÿjnj=R1

�� ihs�2�in3 ln
ÿjnj=R2

�
� 1

2�
2
�h��2�i ÿ h�i2

�
n4 ln

ÿjnj=R3

�
ln
ÿjnj=R4

�
; �2�

where h . . . i denotes the surface average 1
F

R
. . . d2r,

��r� � w
�1�
� �r� � w�1�

ÿ �r� �3�
is the dislocation density,

��2��r� � w
�2�
�;��r; r� � w�2�

ÿ;ÿ�r; r� � w
�2�
�;ÿ�r; r� � w

�2�
ÿ;��r; r� �4�

is the two-particle total dislocation density, and
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s�2��r� �
X3

l;m�1

�gl
gm
jgj�

Z
k�2��r; rÿ r1�"l;m�r1� dr2

1; �5�

in which w
�1�
� �r�, w�1�

ÿ �r�, w�2�
�;��r1; r2�, w�2�

ÿ;ÿ�r1; r2�, w�2�
�;ÿ�r1; r2�,

w
�2�
ÿ;��r1; r2� are the one- and two-particle dislocation density

functions with positive and negative signs of the Burgers

vector indicated by the subscripts, "l;m is the deformation

tensor created by a single dislocation, and

k�2��r1; r2� � w
�2�
�;��r1; r2� � w

�2�
�;��r2; r1� ÿ w�2�

ÿ;ÿ�r1; r2�
ÿ w�2�

ÿ;ÿ�r2; r1� � w
�2�
ÿ;��r1; r2� ÿ w

�2�
ÿ;��r2; r1�

ÿ w
�2�
�;ÿ�r1; r2� � w

�2�
�;ÿ�r2; r1�: �6�

The parameters R1, R2, R3 and R4 are constants with length

dimension. Their actual values are complicated functions of

the different order dislocation density functions. The quantity

� is often referred to as the dislocation contrast factor. For

isotropic media (for more details see Wilkens, 1969a)

� � ��=2�Cjgj2jbj2 sin2 	; �7�

with C equal to

C � cos2 	 �8�

for screw dislocations, and equal to

C � sin2 	�1=8�1 ÿ ��2��1 ÿ 4�� 8�2 � 4�1 ÿ 2�� cos2 � �9�

for edge dislocations. In equations (5), (7), (8) and (9), g is the

diffraction vector, � is the Poisson ratio,	 is the angle between

g and the dislocation line vector l, and  is the angle between

the vectors b ÿ �l � b� and g ÿ �l � g�.
As explained in detail elsewhere (Groma, 1998), equation

(2) implies the following asymptotic decay of the tail of I(q):

I�q� � �h�i 1

jqj3 ÿ 3hs�2�i q

jqj5 � 24�2h��2�i ln�q=q��
jqj5 . . . �10�

where q* is a constant. It is important to note that the above

expression assumes the normalization as
R
I�q� dq = 1.

3. Randomly distributed polarized screw dislocations

The asymmetric broadening of an X-ray diffraction peak

caused by a random distribution of polarized screw disloca-

tions has been studied in detail by GaaÂ l (1984). For the

measuring con®guration g � b = 2 (where b is the Burgers

vector and g is the diffraction vector) he derived the following

analytical expressions:

Re�A�n�� � 1 ÿ 4�h�i
�
d2��2 � �2���2 � �2 ÿ d2�
��2 � �2 ÿ d2�2 � 4d2�2

ln
�2 � �2

d2

� �

� 2
d2�2��2 � �2 � d2�

��2 � �2 ÿ d2�2 � 4d2�2

�
�11�

and

Im�A�n�� � 8�h�i
�

d3���2 � �2�
��2 � �2 ÿ d2�2 � 4d2�2

ln
�2 � �2

d2

� �

ÿ d����2 � �2�2 � d2��2 ÿ �2��
��2 � �2 ÿ d2�2 � 4d2�2

�
; �12�

where d is the half-dipole distance, e is a unit vector parallel to

the dipole direction, � = n�e � g�/j2gj, and � = n��b� e� � g�/ÿj2gjjbj�.
It is easy to see that if n is small compared with the dipole

distance d, expressions (11) and (12) simplify to

A�n� � 1 � 4�h�i
�
��2 � �2� ln

�2 � �2

d2

� �
ÿ 2�2

�

� 8�ih�i
�
���2 � �2�

d
ln

�2 � �2

d2

� �
ÿ ���2 ÿ �2�

d

�
: �13�

Taking into account that the dislocation density ¯uctuation

h��2�i ÿ h�i2 is zero for a random dipole distribution and using

the above de®nitions of � and �, one ®nds that equation (13)

has the same form as equation (2) obtained by Groma (1998)

for small n values. Furthermore, for screw dislocations, it gives

the value of hs2i in the case �g � b� = 2 considered by GaaÂ l

(1984):

hs2i � �h�iÿ1=jgj3d���e� l� � g��jgj2 ÿ �g � l�2
�
: �14�

4. Calculation of the parameter hhhs(2)iii for randomly
distributed polarized dipoles

As a simplest possible approximation, one can assume that the

two-particle distribution functions w
�2�
�;��r1; r2�, w�2�

ÿ;ÿ�r1; r2�,
w
�2�
�;ÿ�r1; r2�, w

�2�
ÿ;��r1; r2� can be constructed from the one-

particle functions as

w
�2�
i;j �r1; r2� � w

�1�
i �r1�w�1�

j �r2�; i; j � �;ÿ; �15�
i.e. the correlation functions are negligible (weak correlation).

In this case the quantity k(2) de®ned by expression (6)

simpli®es to

k�2��r1; r2� � 2��r1���r2� �16�
with ��r2� = w

�1�
� �r2� ÿ w�1�

ÿ �r2�, which can be referred to as the

sign dislocation density. After substituting equation (16) into

expression (5), it can be found that if the dislocation distri-

bution is homogeneous [��r1� = constant] and the system is

neutral [
R
��r� dr = 0], the parameter hs�2�i is zero and the

leading term in the asymmetric diffraction peak broadening

vanishes.

As a consequence of this for a system with translation

invariance, the parameter hs�2�i is determined by the correla-

tion functions

Ti;j�r1; r2� � w
�2�
i;j �r1; r2� ÿ w

�1�
i �r1�w�1�

j �r2�; i; j � �;ÿ:

�17�
For a homogeneous dipole system, because of the translation

invariance the correlation functions can only depend on the

relative coordinate r = r1 ÿ r2. Besides this, since assigning a
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given Burgers vector to positive of negative sign is up to us,

T�;ÿ�r1; r2� needs to be equal to Tÿ;��r2; r1�, and T�;��r1; r2�
needs to be equal to Tÿ;ÿ�r1; r2�. It follows that

k�2��r1; r2� � k�2��r1 ÿ r2� � 2 Tÿ;��r1 ÿ r2� ÿ Tÿ;��r2 ÿ r1�
� �

�18�
and k�2��r1; r2� is an odd function:

k�2��r1 ÿ r2� � ÿk�2��r2 ÿ r1�: �19�

For a uniform dipole system with dipole distance 2d and

polarization vector e (see Fig. 1) the function k�2��r1; r2� has

the form

k�2��r1 ÿ r2� � 2h�i���r2 ÿ r1 ÿ 2de� ÿ ��r2 ÿ r1 � 2de��:
�20�

The above form can be proved by the following argument: if

we consider only two dislocations (with Burgers vectors of

different sign) at the ®xed positions r0 and r0 + 2de, by de®-

nition the two-particle density function is

wÿ��r1; r2� � ��r1 ÿ r0���r2 ÿ r0 ÿ 2de�: �21�

If the two dislocations are randomly placed with ®xed relative

position 2de, the two-particle density function is the area

average (with respect to r0) of expression (21):

wÿ��r1; r2� � �1=F���r2 ÿ r1 ÿ 2de�: �22�

Finally, if we have not only one but N randomly distributed

dipoles,

wÿ��r1; r2���N=F���r2 ÿ r1 ÿ 2de��ÿh�i=2
�
��r2 ÿ r1 ÿ 2de�:

�23�
A similar form is valid for w�ÿ�r1; r2�. With these one obtains

equation (20) from the de®nition of k�2��r1; r2� given by

equation (6).

Substituting equation (20) into (5), one ®nds that

hs�2�i � �h�i
X3

i;j�1

gi
gj

jgj�"i;j�2de�: �24�

The non-vanishing components of the deformation tensor

created by a screw dislocation with Burgers vector parallel to

the z axis have the forms (Landau & Lifshitz, 1986):

"31 � "13 �
1

2

@u3�x; y�
@x

� b

4�

@ arctan�y=x�
@x

� ÿ b

4�

y

x2 � y2
;

"32 � "23 �
1

2

@u3�x; y�
@y

� b

4�

@ arctan�y=x�
@y

� b

4�

x

x2 � y2
:

�25�
For an edge dislocation with line vector l = (0, 0, 1) and

Burgers vector b = (b, 0, 0),

"11 �
1

4��1 ÿ ��
�2�ÿ 3�yx2 � �2�ÿ 1�y3

�x2 � y2�2 ;

"22 �
1

4��1 ÿ ��
�2�� 1�yx2 � �2�ÿ 1�y3

�x2 � y2�2 ;

"12 �
1

4��1 ÿ ��
x3 ÿ xy2

�x2 � y2�2
� "21;

�26�

which can be obtained from the stress ®eld of an edge dislo-

cation as given by Landau & Lifshitz (1986).

Without going into the details of the long but straightfor-

ward calculations for isotropic media, we give the actual value

of hs�2�i. For screw dislocation dipoles

hs2i � ��=8��gb�3h�iÿ1=jgj3d���l� e� � g��jgj2 ÿ �g � l�2
�
;

�27�
or

hs2i � ��=8�h�iÿjgjjbj=d� cos3�	� sin2�	� sin���; �28�
where � is the angle between e and g ÿ l�g � l�.

For edge dislocation dipoles

hs2i � �h�i=8�1 ÿ ��jgjjbj4d����g � b�2�11 � �g � t�2�22

� 2�g � b��g � t��12

�
; �29�

where t = l� b, � is the Poisson ratio, and

�11 � �t � e� 2�jbj2 ÿ 3�b � e�2 ÿ �t � e�2
� �

;

�22 � �t � e� 2�jbj2 � �b � e�2 ÿ �t � e�2
� �

;

�12 � �b � e� �b � e�2 ÿ �t � e�2
� �

:

�30�

It is interesting to investigate the g dependence of the above

expression for hs�2�i if the polarization vector e is parallel or

perpendicular to the Burgers vector. In the ®rst case, �11 = �22

= 0, �12 = jbj3, and

hs2ik � �h�i�jgjjbj=8�1 ÿ ��d�� sin2�	� sin�2�; �31�
while in the second case, �11 = �22 = �2�ÿ 1�jbj3, �12 = 0, and

hs2i? � �h�i��1 ÿ 2��jgjjbj=8�1 ÿ ��d�� sin2 	 �32�
(in which the 	 and  dependence related to � is not indi-

cated). The � sign corresponds to the two opposite polariza-

tion vector directions. An important difference between the

two cases is that hs2i? is independent of the angle , while hs2ik
can change its sign if  varies.

5. Dipole walls

A dislocation con®guration is commonly called a wall if

straight dislocations having the same Burgers vector b are

J. Appl. Cryst. (2002). 35, 589±593 I. Groma and G. Monnet � Asymmetric broadening 591
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Figure 1
Dislocation dipole con®guration.

electronic reprint



research papers

592 I. Groma and G. Monnet � Asymmetric broadening J. Appl. Cryst. (2002). 35, 589±593

placed along a line with equal spacing between them. The

relative position of the neighbouring dislocations in the wall

will be denoted by a. Without restricting the generality, we can

assume that the dislocation lines are parallel to the z axis and

that a is parallel to the y axis. By de®nition, a dipole wall

consists of two dislocation walls with opposite Burgers vectors

separated by the vector 2de. Therefore, in a dipole wall,

dislocations with Burgers vectors �b are positioned at the

points r�p = r0 + pa � de, respectively, where p is an integer

number and r0 is the position of the dipole wall. In order to

reduce the complexity, it is assumed that e is parallel to the x

axis (the general case can be treated in a similar way, as

outlined below).

For parallel dipolar walls placed randomly in the x direc-

tion, the function k�2��r1; r2� de®ned by expression (6) has the

form

k�2��r1; r2� �
X1

n;m�ÿ1
2h�i���y1 ÿma���y2 ÿ na���x1 ÿ x2 ÿ 2d�

ÿ ��y1 ÿma���y2 ÿ na���x1 ÿ x2 � 2d��; �33�
where h�i is the line density (number per unit length in the x

direction) of the dipole walls, and r1 = (x1, y1) and r2 = (x2, y2).

[Equation (33) can be obtained by a similar argument to that

explained for dislocation dipoles, taking into account that the

position of the dipole wall in the x direction is random.] It has

to be mentioned that in the dislocation con®guration investi-

gated, only the two-particle correlation functions corre-

sponding to different signs of the Burgers vectors

[w�;ÿ�r1; r2�;wÿ;��r1; r2�] have non-vanishing contributions to

hs�2�i because of the antisymmetry of the deformation tensor

created by a single dislocation ["l;m�r� = ÿ"l;m�ÿr�].
After substituting (33) into (5) and performing surface

averaging, we ®nd that

hs�2�i � �h�i
X3

i;j�1

gi
gj

jgj�Ai;j; �34�

where

Ai;j � Bi;j�2d� ÿ Bi;j�ÿ2d� �35�
with

Bi;j�x� �
X1
n�ÿ1

1

L
"wall
i;j �x; na�; �36�

in which L is the crystal dimension in the y direction, and

"wall
i;j �x; y� �

X1
n�ÿ1

"i;j�x; y� na�; �37�

which is the deformation created by a dislocation wall. Since

"wall
i;j �x; y� is a periodic function of y with periodicity a, equation

(36) simpli®es to

Bi;j�x� � �1=a�"wall
i;j �x; 0�: �38�

For the determination of the leading terms in "wall
j;m �x; y�, the

following procedure can be applied. Owing to the properties

of the Fourier transformation,

X1
n�ÿ1

"i;j�x; y� na�

�
X1
n�ÿ1

1

2�

Z
gi;j�x; k� exp�ÿik�y� na�� dk

� 1

2�

Z X1
n�ÿ1

exp�ÿikna�
" #

gi;j�x; k� exp�ÿiky� dk;

�39�
where

gi;j�x; k� �
Z

"i;j�x; y� exp�iky� dy �40�

is the Fourier transform of "i;j�x; y� with respect to y. Taking

into account the well known identity

X1
n�ÿ1

exp�ÿikna� � 2�

a

X1
l�ÿ1

� kÿ 2�

a
l

� �
; �41�

we obtain

X1
n�ÿ1

"i;j�x; y� na� �
X1
l�ÿ1

1

a
gi;j x;

2�

a
l

� �
exp ÿi 2�

a
ly

� �
:

�42�
According to equations (25) and (26), each of the compo-

nents of the deformation tensor created by a single dislocation

has the form Tj,l(y/x)/x[1 + (y/x)2], where Tj,l(y/x) is a third-

order polynomial. It follows that

gj;l�x; k� �
Z1
ÿ1

1

x

Tj;l�y=x�
�1 � �y=x�2�2 exp iky dy

�
Z1
ÿ1

Tj;l���
�1 � �2�2

exp�ikx�� d�: �43�

With partial integration we obtain

gj;l�x; k� �
Z 1

ÿ1

d

d�

Tj;l���
� � i� �2

exp�ikx��
� �

1

� ÿ i
d�: �44�

If we assume that kx > 0, in the above expression the inte-

gration along the real axis can be replaced by a closed contour

integral around the point i. Applying the residue theorem, one

obtains the result

gj;l�x; k� � 2�i
d

d�

Tj;l���
� � i� �2

exp�ikx��
� �����

i

� 2�i ÿ i

4
T�i�kx� d

d�

Tj;l���
� � i� �2

����
i

� �
exp�ÿkx�: �45�

(The case of kx < 0 can be treated in a similar way.) As gi,j(kx)

decays with exp�ÿkx�, it follows that the right-hand side of

equation (42) is the sum of a constant (corresponding to l = 0)

and exponential functions, decaying with a characteristic

length inversely proportional to l.

After a long but straightforward calculation, one ®nds from

equations (26), (34), (35), (36) and (45) that

electronic reprint



A22 �
b2

a2
� 2b2��1 ÿ ��aÿ �d�

a3
exp ÿ 2�d

a

� �
;

A11 � ÿ b2�

�1 ÿ ��a2
ÿ 2b2��aÿ �d�

�1 ÿ ��a3
exp ÿ 2�d

a

� �
;

A12 � 2�
b1d

�1 ÿ ��a3
exp ÿ 2�d

a

� �
;

�46�

in which only the terms corresponding to l = 0 and l = �1 in the

sum of equation (42) are kept, and the notation b = (b1, b2) is

introduced.

As in the previous section, it is interesting to investigate the

two special wall geometries when the Burgers vector b is

perpendicular or parallel to the polarization vector e (see Fig.

2). The physical origins of these dislocation con®gurations and

their possible role in the plastic deformation have been

explained in detail by UngaÂr & Zehetbauer (1996). For the

b ? e con®guration,

hs�2�i � �
h�i

jgjjbja2
� �b � g�2 ÿ �

�1 ÿ ��
��b� l� � g�2

� �
; �47�

or with the angles introduced above,

hs�2�i � �
h�ijgjjbj

a2
� sin2�	� cos2�� ÿ �

�1 ÿ �� sin2��
� �

;

�48�
in which the exponential terms are neglected. It needs to be

mentioned that in the literature, often only this type of

dislocation arrangement is referred to as a polarized dipolar

wall (PDW) (UngaÂr & Zehetbauer, 1996), but in the paper we

use the term PDW in a more general sense.

In the other case, when the Burgers vector is parallel to the

polarization vector, often referred to as a polarized tilt wall

(PTW) (see Fig. 2b),

hs�2�i � 2�2 h�i
jgjjbja2

�

�1 ÿ �� �b � g� �
��b� l� � g� d

a
exp ÿ 2�d

a

� �
;

�49�
or

hs�2�i � �2 h�ijgjjbj
a2

�

�1 ÿ �� sin2��� sin�2� d
a

exp ÿ 2�d

a

� �
:

�50�
It can be seen that there is a strong difference in the angular

dependence of the two cases, and while the ®rst one is inde-

pendent of the dipole width d, the other one decays expo-

nentially with d/a.

6. Conclusions

As has been pointed out in several papers (UngaÂr et al., 1984;

GaaÂ l, 1984; Argon & Haasen, 1993), asymmetric diffraction

peak broadening can originate from various ordered disloca-

tion con®gurations. In order to determine the actual polarized

dislocation con®guration developed in the sample investi-

gated, several diffraction peak pro®les have to be measured

with different diffraction vectors. The diffraction vector

dependence of the parameter hs�2�i, determining the leading

term of the asymmetric broadening, is given for two different

dislocation con®gurations, namely randomly distributed

polarized dipoles and dipolar walls.
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Figure 2
Two types of walls investigated: (a) b perpendicular to e; (b) b parallel
to e.
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