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Abstract

The dynamics behavior of an assembly of parallel dislocations is investigated at different length scales. In the first part, it is shown that
a discrete dislocation system is able to reproduce several important features of plastic deformation. Then, a self-consistent field continuum
model is derived. Finally, a stochastic approach is outlined, which can be considered as an intermediate scale description between the
discrete and the continuum models. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The investigation of the dynamic behavior of dislocations
attracts growing interest because of its importance for the
better understanding of many plastic properties of crystalline
materials. Due to the rapid increase of the available com-
puter power, besides the analytical modeling [1,2,3,4,5,6,7]
computer simulation [8,9,10,11,12,13,14,15,16,17,18,19]
has become a very efficient tool for studying the collective
behavior of dislocations. Because of the long range nature
of elastic dislocation–dislocation interaction, however, the
direct numerical integration of the equations of motion of
dislocations is very computation expensive restricting con-
siderably the affordable dislocation number or simulation
volume. The aim of the investigations presented is to pro-
pose a new approach for overcoming the above restrictions.
In the first part of the paper, simulation results obtained
on two dimensional dislocation assembly are presented.
Then the concepts of the self-consistent field description
and the stochastic dislocation dynamics are outlined. Both
approaches are directly derived from the evolution equa-
tion of a discrete dislocation system, linking the micro to
mesoscale without ad hoc assumptions in the case of the
investigated simplest possible dislocation configuration.

2. Discrete dislocation dynamics

For the sake of simplicity, let us consider a set of N par-
allel straight edge dislocations. Assuming over-damped dis-
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location gliding (dislocation climb is not allowed in the re-
sults presented below, i.e. the simulations correspond to low
temperature) the equation of motion of the ith dislocation
positioned at the point rrri = (xi, yi) has the form [13]:

drrri

dt
= B

bbbi

|bbbi |n
nni


 N∑

j �=i

(σ (rrri − rrrj ) + σext(t))


bbbi

= BFFF i, (1)

where bbbi is the Burgers vector of the ith dislocation, nnni a unit
vector perpendicular to bbbi , σ (rrr) the stress field created by a
dislocation, σ ext(t) the external stress, and B the dislocation
mobility.

The results of a simulation obtained with the direct nu-
merical integration of the above equation can be seen in
Fig. 1. The system considered consists of parallel edge dis-
locations with two different Burgers vectors (the active slip
directions are indicated by dashed lines). Initially, the dis-
locations were arranged into randomly distributed dipoles
with 0.1 dipole-distance/average-dislocation-distance ratio.
Dislocation multiplication was introduced with the assump-
tion that a certain ratio of the plastic work introduced into
the system is transformed into the self energy of the disloca-
tions. During the time evolution of the system the external
shear rate was controlled, the external stress necessary for it
was calculated. Fig. 1 shows the final dislocation configura-
tion after 106 updating, the stress–stain relation, the dislo-
cation density, and the elastic energy as a function of time.

Due to the initial dipole configuration the system has
a finite “flow stress” (the average plastic current is neg-
ligible until the external stress reaches a certain level)

0921-5093/01/$ – see front matter © 2001 Elsevier Science B.V. All rights reserved.
PII: S0 9 2 1 -5 0 93 (00 )01631 -2
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Fig. 1. The dislocation configuration after 106 updating, the stress–strain
relation, and the time dependence of the dislocation density and the elastic
energy (with arbitrary units).

resulting that the stress–strain relation starts with an
“elastic” regime. Subsequently, there is a period when some
dislocations can move nearly free. It results a very small
slope of the stress–strain curve. This stage shows a number
of similarities with the easy glide deformation regime. At a
certain deformation level a much more compact “cell like”
dislocation structure starts to form leading to faster stress
increase. The system undergoes an order–disorder type
transition.

Although the above simulation result shows clear evi-
dence for tendency of pattern formation, because of the
restricted number (about 1000) of the affordable disloca-
tions the properties of the developed patterns cannot be
analyzed in details. In order to achieve better “pattern
resolution” one should be able to increase the dislocation
number considerable. In the following part of the paper,
two possible approaches (treating the problem at differ-
ent length scales) are outlined to overcome this restric-
tion.

3. Self-consistent field description

By applying a special averaging procedure explained
in details in [20–23] and neglecting short range (com-
parable with the average dislocation distance) correla-
tions the following self-consistent field equations can
be derived from the equations of motion of dislocations
(Eq. (1)):

∂ρl(rrr, t)

∂t
+ B(bbbl∇)kl(rrr, t)

{
τl − (bbbl∇)

bbbl

Vl(rrr)

}

= f (ρ, . . . ), (2)

∂kl(rrr, t)

∂t
+ B(bbbl∇)ρl(rrr, t)

{
τl − (bbbl∇)

bbbl

Vl(rrr)

}
= 0

i = 1, . . . , ns, (3)

in which ns is the number of considered slip systems,
f (ρ, . . . ) represents the dislocation multiplication and an-
nihilation term, bbbl the Burgers, ρl the dislocation density,
kl the sign dislocation density (difference of the positive
and negative sign dislocation density), τ l the resolved shear
stress of the lth slip system, and

Vl(rrr) = − (nnnl∇)

bbbl

ns∑
j=1

(nnnj∇)

∫
kj (r

′r ′r ′)g(rrr − r ′r ′r ′) dr ′r ′r ′, (4)

where g(rrr) = r2ln(r)/2, and nnnl is a unit vector perpendicular
to bbbl .

It is easy to see that if the external stress is constant, the
homogeneous stationary solution ρl(rrr, t) = ρ0

l , kl(rrr, t) = 0
satisfies the self-consistent field equations (Eqs. (2) and (3)).
It has to be investigated however, whether this trivial solu-
tion is a stable one. For this, the usual technique of linear
stability analysis can be applied, which can be carried out
analytically for N ≤ 2 [21,23]. It can be obtained that if
df(ρ, . . . )/dρ has any positive value the homogeneous solu-
tion is instable. The system tends to form organized struc-
ture. Another important feature of the dynamics behavior
of the dislocation assembly what can be obtained from the
stability analysis is that in case of multiple slip the direc-
tions perpendicular to the slip directions are preferred in that
sense that periodic undulations with wave vector perpendic-
ular to the slip directions are marginally stables even if the
number of dislocations are conserved.

Since Eqs. (2) and (3) are complicated nonlinear differen-
tial equations their solution can be determined only numer-
ically. Typical dislocation patterns obtained at single glide
configuration (with Burger vector parallel to the x axis) with
constant and periodic external stresses can be seen in Fig. 2.

In agreement with the prediction of the stability crite-
rion organized dislocation structures are formed in both
case. A remarkable difference between the two dislocation
configurations, however, is that additional peaks appear in
the autocorrelation function if the external stress is peri-
odic, indicating a shorter characteristic length scale in the
developed structure.

4. Stochastic approach

Since the self-consistent field model explained above
neglects short range correlation it cannot be applied in the
regime where the gradients of the density fields are height.
So, for investigating phenomenon like dislocation cell struc-
ture formation or development of persistent slip bands it
needs to be further developed. In order to take into account
short range correlations a stochastic method was proposed
by Groma and Bakó [24,25,26]. It is based on the numerical
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Fig. 2. The dislocation density maps ρ(rrr) (boxes a, c) and their autocor-
relation functions A(rrr) = ∫

ρ(rrr − rrr ′)ρ(rrr ′) drrr ′ (boxes b, d) at constant
(upper boxes) and periodic (bottom boxes) external stresses.

observation, that the stress field created by the dislocations
is the sum of a slowly varying average stress and a highly
irregular component, i.e. it has a stochastic nature. An im-
portant consequence of this that the extremely calculation
expensive precise determination of the total force acting on
a dislocation is not necessary for the determination of the
longer term dynamical properties of the system.

As it is explained in details in [24] some of the features
of the probability distribution function of the stress field
created by the dislocations in the ith slip plane Pl(τ ) can be
derived analytically:

1. The center of gravity of the stress distribution function
is the self-consistent field τSF

l = {τl − (bbbl∇)(Vl(rrr)/bbbl)}
introduced earlier.

2. Pl(τ ) asymptotically decays as Cρ(�r)τ−3 (C is a con-
stant determined by the angular anisotropy of the
dislocation–dislocation interaction), i.e. the tail of the
distribution function depends only on the local disloca-
tion density.

3. The half width of Pl(τ ) is determined by the correlation
properties of the dislocation assembly.

Due to the complicated dislocation–dislocation correla-
tions, the precise form of the stress fluctuation distribution
function cannot be determined [24]. Numerical calculations
show, however, that for a dislocation assembly consisting of
relatively narrow dislocation dipoles the form

Pl(τ ) = Cρ(rrr)[(τ − τSF
l (rrr))2 + 2Cρl(rrr)]

−3/2, (5)

is a good approximation of Pl(τ ) [25].
The results obtained allow to set up the framework of

an O(N ) dislocation dynamics simulation method based on
stochastic approximation. It can be summarized as follows:

1. With an appropriate coarse-grain size the simulation area
is divided into cells.

Fig. 3. The dislocation density map and its autocorrelation functions
obtained with the stochastic method at periodic external stress and single
glide orientation.

2. By counting the number of different dislocations in each
cell the values of the smoothed out parameters ρl(rrr),
kl(rrr) are determined. After this τSF

l (rrr) is calculated from
Eq. (4) (the convolution in Eq. (4) is performed by the
common fast Fourier transformation method). According
to Eq. (5) ρl(rrr) and τSF

l (rrr) in each cell define the Pl(τ )
(referred the local stress distribution function hereafter).

3. Each dislocation is displaced by a random value gener-
ated according to the local stress distribution function
P(τ ).

4. New dislocation are randomly generated with probability
proportional to the local plastic power (proportional to
ρl(τSF

l )2).
5. Go to step 2.

In contrast with the self-consistent field approach the
method outlined is a discrete description, but since it does
not require the precise calculation of the force resulted by
all the dislocations, the number of affordable dislocation can
easily increased by three orders of magnitudes (it is about
106 in the simulations presented below).

Development of matrix like structure obtained by this
method can be seen in Fig. 3. The simulation geometry
corresponds to single glide orientation (bbb parallel to the x
axis) and periodic external stress is applied. New dislocation
dipoles were created randomly with probability proportional
to the square of the local shear stress times the dislocation
density. The characteristic angles of the peeks in the auto-
correlation function are in agreement with the experimental
observation of Buchinger and Stanzl [27].

Allowing dislocation activity in two slip systems results
a strongly different “cell like” pattern (see Fig. 4). Each
cell wall predominantly consists of dislocations belonging
to the same slip system and aligns in the other slip direc-
tion. It is in agreement with the prediction of the stability
analysis performed on the self-consistent field model, that
the periodic perturbations propagating in the direction per-
pendicular to the slip directions are preferred. An impor-
tant feature of the obtained network is that characteristic
cell size cannot be defined. It was found by the standard
box counting method that the dislocation arrangement has
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Fig. 4. The dislocation and Burgers vector density maps obtained with
the stochastic method at double glide orientation. The slip systems are
parallel to the diagonals of the rectangular simulation area.

a fractal structure with dimension 1.86, which is in agree-
ment with the experimental observation of Hähner et al.
[28].

5. Conclusion

The dynamic properties of a set of parallel edge disloca-
tions are investigated at different scales. It was demonstrated
that the self-consistent approach is able to reproduce disloca-
tion patterns observed experimentally. It breaks down, how-
ever, for highly correlated dislocation networks. It is shown
that in this case a method based on stochastic approximation
can be efficiently applied.
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