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AbstractÐNowadays a big challenge in dislocation dynamics is to describe the collective behavior of dislo-
cations formed during plastic deformation. The methods proposed so far can be classi®ed into two cat-
egories: continuum models and computer simulations. The aim is to establish the link between the two
approaches for a simpli®ed dislocation con®guration. The properties of the obtained self-consistent ®eld
equations are investigated both numerically and analytically. Developments of di�erent dislocation patterns
are presented and discussed. # 1999 Acta Metallurgica Inc. Published by Elsevier Science Ltd. All rights
reserved.
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1. INTRODUCTION

It is well known that during the plastic deformation

of crystalline materials, dislocations form di�erent

structures (cell, ladder, labyrinth vein, etc.).

Although, a huge amount of experimental and

theoretical work has been carried out over the last

30 years there is not a generally accepted model for

dislocation patterning. Since the time evolution of

the dislocation network is an extremely complex

process, the goal of the analytical and numerical in-

vestigations is to ®nd out what are the important

dislocation phenomena responsible for the develop-

ment of ordered dislocation networks.

Several analytical models (the concept of Low

Energy Dislocation Structure proposed by

Kuhlmann-Wilsdorf and co-workers [1, 2], the

models of Holt [3] and Rickman and VinÄ als [4]

which apply irreversible thermodynamics analogy,

the reaction±di�usion approach elaborated by

Walgraef and Aifantis [5±7], the concept of the dis-

location sweeping mechanism developed by

Kratochvil and co-workers [8, 9], and the stochastic

dislocation dynamics description proposed by

HaÈ hner [10, 11]) have been developed since dislo-

cation patterning was ®rst observed. Their common

approach is that the behavior of the dislocation sys-

tem is described on a continuum level, i.e. they op-

erate with di�erent types of densities. Most of them

are based on the analogy with other physical pro-

blems like spinodal decomposition, oscillating

chemical reaction, etc. As a consequence of this, the

properties of individual dislocations are taken into

account only in a very indirect way, making ques-

tionable the validity of the models developed so far.

Another possible approach to study the collective

behavior of dislocations is the numerical integration

of the equations of motion of dislocations. Many

investigations have been performed both in two

[12±20] and three dimensions [21, 22] during the

past 10 years. Most of them predict the tendency of

formation of organized dislocation structures but

they are far from convincing. It is mainly due to

the fact that because of the long range dislocation±

dislocation interaction the numerical integration of

the equations of motion of dislocations is computa-

tionally very expensive limiting considerably the

a�ordable size of simulation volume and dislocation

density.

The aim of the investigations presented here is to

establish the link between the two approaches lead-

ing to a continuum model in which the precise form

of dislocation±dislocation interaction is directly

taken into account. In the ®rst part of the paper the

basic equations of the model are derived and the

stability of their solutions is investigated. In the sec-

ond part results of numerical studies of the model

equations are presented.
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2. DERIVATION OF THE SELF-CONSISTENT FIELD
EQUATION FROM THE EQUATION OF MOTION

OF INDIVIDUAL DISLOCATIONS

In the following analysis a system of parallel
straight dislocations is considered leading to a two-

dimensional problem to deal with. Let us consider
N parallel edge dislocations positioned at the points
f~ri g, i � 1, . . . , N. For the sake of simplicity at the
beginning of our analysis it is assumed that each

dislocation has the same Burgers vector ~b. Later
this restriction will be lifted. With the commonly
accepted assumption of over-damped dislocation

motion the velocity of the ith dislocation is deter-
mined by

d~ri
dt
� B ~b

0@XN
j 6�i

tind�~ri ÿ ~rj � � text

1A �1�

where B is the dislocation mobility, text is the exter-

nal resolved shear stress, and

tind�~r� � mb
2p�1ÿ n�

x�x 2 ÿ y2�
�x 2 � y2�2 �2�

is the shear stress created by a dislocation at the
point ~r � �x, y�. As it can be seen from the structure
of equation (1) in the investigations presented here

only dislocation glide is considered, climb is
excluded.
In order to obtain a self-consistent ®eld descrip-

tion let us multiple equation (1) by the delta func-
tion d�~rÿ ~ri � and take its derivative with respect to
~r:

d

d~r

�
d~ri
dt

d�~rÿ ~ri �
�

� d

d~r

8<:B ~b
0@XN

j 6�i
tind�~ri ÿ ~rj � � text

1Ad�~rÿ ~ri �
9=;: �3�

By the introduction of the density function

rdisc�~r, ~r1, . . . , ~rN� �
XN
i�1

d�~rÿ ~ri � �4�

the sum on the right-hand side of equation (3) can
be replaced by a weighted integral. Furthermore,

since

d

d~r

�
d~ri
dt

d�~rÿ ~ri �
�
� ÿ d

dt
d�~rÿ ~ri � �5�

one ®nds that equation (3) can be rewritten in the
form

ÿ d

dt
d�~rÿ ~ri � � d

d~r

�
B ~b

��
tind�~rÿ ~r 0�

�rdisc�~r 0, ~r1, . . . , ~rN� d~r 0 � text

�
d�~rÿ ~ri �

�
:

�6�

After summing up the above equation for all dislo-
cations we arrive at

ÿ d

dt
rdisc�~r� �

d

d~r

�
B ~b

��
tind�~rÿ ~r 0�

�rdisc�~r 0� d~r
0 � text

�
rdisc�~r�

� �7�

in which the indication of the ~ri dependence of rdisc
is omitted for simplicity.
It is important to stress at this point that to

obtain equation (7) there was no assumption made,
equation (7) is equivalent with the equations of
motion of dislocations (1). Consequently, to ®nd

the solution of the above equation is equally di�-
cult as to integrate (1). However, in most appli-
cations we do not need that detailed description of

the time evolution of the dislocation system one
would obtain from equation (7). It is enough to
know the properties of a ``smoothed out'' dislo-
cation density r�~r�, which is a local average of the

``discrete'' distribution rdisc�~r�. The expression
``local average'' is used in the sense that the average
is performed on an area l*l where l is in the order

of magnitude of the average dislocation distance.
The ``smoothed out'' density r�~r� can be de®ned as
the convolution of rdisc�~r� and a window function

with ``half width'' l.
There is no direct method known to determine

the governing equation of r�~r� from equation (7),
but as a ®rst order approximation it can be

assumed that rdisc�~r� can be replaced by its local
average r�~r� in equation (7) leading to the balance
equation

d

dt
r�~r� � d

d~r

n
B ~bt�~r�r�~r�

o
� 0 �8�

where

t�~r� �
�
tind�~rÿ ~r 0�r�~r 0� d~r 0 � text

is the total shear stress created by the dislocations

and the external forces. Since in equation (8) the
evolution of the dislocation density is determined
by the stress ®eld created by the density ®eld itself,

the above equation is a self-consistent ®eld descrip-
tion of the dynamical behavior of the dislocation
system. For error estimate and for the structure of
higher order terms we refer to Ref. [23].

For more than one type of dislocation the gener-
alization of the above result is straightforward. In
the simplest case when only one slip system is active

with Burgers vectors 2 ~b the following equations
hold for the density of positive and negative sign
dislocations r2�~r�

d

dt
r��~r� �

d

d~r

n
B ~bt�~r�r��~r�

o
� 0 �10�

d

dt
rÿ�~r� ÿ

d

d~r

n
B ~bt�~r�rÿ�~r�

o
� 0 �11�

in which the shear stress is determined by the dislo-
cation densities as follows:
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t�~r� �
�
tind�~rÿ ~r 0�fr��~r 0� ÿ rÿ�~r 0�g d~r

0 � text: �12�

It can be seen (from Ref. [24]) that the stress ®eld
given above ful®lls the ®eld equation (with ~b paral-
lel to the x-axis)

D2w � bm
�1ÿ n�

@

@y
fr��~r 0� ÿ rÿ�~r 0�g,

t � @ 2

@x@y
w:

�13�

By adding and subtracting the two equations (10)
and (11) we ®nd that the governing equation of the

total dislocation density r � r� � rÿ has the form

d

dt
r�~r� � d

d~r
fB ~bt�~r�k�~r�g � 0 �14�

and the time evolution of the ``sign'' dislocation

density k � r� ÿ rÿ is determined by the balance
law

d

dt
k�~r� � d

d~r
fB ~bt�~r�r�~r�g � 0: �15�

In the analysis outlined above dislocation pro-
duction and annihilation were not taken into

account. Since equation (15) describes the conserva-
tion of Burgers vector it has to remain unchanged
when dislocation multiplication is introduced, but a

source term f �r, t, . . .� needs to be added to the
right-hand side of equation (14). Its actual form
cannot be obtained within the two-dimensional
approach presented here. Nevertheless, it is plaus-

ible to assume that a certain amount of the local
work done on the system transforms into the self
energy of dislocations. Since the work per unit time

and volume is proportional to the product of stress
and plastic current j [which is j � Bb2tr from
equation (15)] with the above assumption the source

term f � C � t2r where C is a constant.

3. ELASTIC ENERGY DESCRIPTION

As it is known (see Ref. [25]) for planar problems
the Peach±Koehler force ~F acting on an edge dislo-

cation can always be obtained from a potential
energy function V�~r� with the common relation
F � ÿgrad V, where V�~r� is related to the stress
function w�~r� introduced in equation (13) via the ex-

pression

V�~r� �
�
@w
@y

bx ÿ @w
@x

by

�
: �16�

Since, according to equation (13) w is linear in k the

potential energy can be given in the form

V�~r� �
�
Vind�~r1 ÿ ~r�k�~r1� d~r1 � Vext�~r� �17�

in which Vind�~r� stands for the interaction energy
between a pair of dislocations, and Vext�~r� is the po-
tential energy associated with the external stress.

Owing to the fact that the potential given above is
the functional derivative of the total elastic energy

F�k� � 1

2

� �
k�~r1�Vind�~r1 ÿ ~r�k�~r� d~r1 d~r��

Vext�~r�k�~r� d~r �18�

the balance equations (14) and (15) can be reformu-
lated as

@r�~r, t�
@ t

ÿ d

d~r

�
~nBk�~r, t� d

d~r

�
~n
dF�k�
dk

��
� f �r, k, . . .�

�19�

@k�~r, t�
@ t

ÿ d

d~r

�
~nBr�~r, t� d

d~r

�
~n
dF�k�
dk

��
� 0 �20�

where ~n � ~b=jbj.
It is interesting to mention here that for nearly

homogeneous dislocation distribution, in the

absence of external stress and source term in the
linear regime the two balance equations given
above reduce to the following single equation:

@k�~r, t�
@ t

ÿ d

d~r

�
~nB �r

d

d~r

�
~n
dF�k�
dk

��
� 0: �21�

By introducing the dislocation density tensor [24]
aik � tibk � k�~r� (with the unit vector ~t parallel to
the dislocation line) it can be seen that for a single

slip system, equation (21) is precisely the same as
the one proposed by Rickman and VinÄ als [4].
However, in the presence of external stress equation

(21) does not hold any more not even in linear ap-
proximation. It follows that the dynamics of a dis-
location assembly cannot be properly described by
the only variable a.

4. STABILITY ANALYSIS

It is easy to see that the balance equations (14)

and (15) and the ®eld equation (13) have a trivial
space independent solution t�~r, t� � t0, k�~r, t� � 0,
r�~r, t� � r0�t�. An important question is, however,

whether this solution is a stable one. In order to
study the stability the linearized equations (with ~b
parallel to the x-axis)

d

dt
r 0 � @

@x
fBbt0kg � C�r 0t20 � 2r0t0t

0� �22�

d

dt
k� @

@x
fBb�t0r 0 � r0t

0�g � 0 �23�

D2w 0 � bm
�1ÿ n�

@

@y
k, t 0 � @ 2

@x@y
w 0 �24�

have to be considered, where k, r 0 � rÿ r0, and

t 0 � tÿ t0 represent small perturbations. Assuming
a slow time variation of r0(t) the solution of the
equations given above can be found in the form:
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24 t 0�~r, t�
k�~r, t�
r 0�~r, t�

35 �
24 �t 0

�k
�r 0

35expflt� i�qxx� qyy�g �25�

with the relation between l and the wave vector
(qx, qy):

2l1,2 � Ct20 ÿ T�F�2������������������������������������������������������������������������������������
�Ct20 ÿ T�F��2 ÿ 4�2Ct20T�F� � �Bbt0�2q2x�

q
�26�

in which the function

T�F� � Bb2m
�1ÿ n�

q2xq
2
y

�q2x � q2y�2
r0

� Bb2m
4�1ÿ n�sin�2F�2r0 �27�

is introduced where F is the angle between the
x-axis and the wave vector.

Fig. 1. The dislocation density (a) and the Burgers vector density (b) maps in absence of external stress
and source term.

Fig. 2. The dislocation density (a), its autocorrelation function (b), the Burgers vector density (c), and
the shear stress (d) distribution if dislocation multiplication is introduced without external stress.
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It can be seen from equation (25) that growing

perturbations can be found, i.e. the homogeneous
solution is unstable if there is such a (qx, qy) vector
for which the real part of l is positive. Since T(F)
is non-negative in the absence of dislocation multi-
plication (C � 0) l1,2 cannot be positive. It follows
that at least in the linear regime the elastic dislo-

cation±dislocation interaction alone is not enough
to introduce the formation of organized dislocation
structures in the system under consideration. If,

however, C is non-zero and qx is large enough the
real part of l1,2 is Ct20 ÿ T�F� which can be positive

for any value of C if F is close enough to 08 or 908
[T(F) vanishes for F equal to 08 or 908]. As a con-
sequence of this, if dislocation multiplication is
introduced, no matter with how small a rate, dislo-

cations tend to form patterns.
It is important to note that the above stability

analysis can be performed with more general source

term than the f �r, t, . . .� � Crt2 used in the nu-
merical simulation presented below. It can be deter-
mined that if @ f �r, t, . . .�=@r is greater than zero

the homogeneous dislocation distribution is always
unstable.

Fig. 3. The dislocation density (a) and its autocorrelation function (b) if dislocation multiplication is
allowed, and a constant external stress is applied.

Fig. 4. The dislocation densities (a, c) and their autocorrelation functions (b, d) if dislocation multipli-
cation is allowed, and periodic external stress is applied with two di�erent frequencies. The frequency is

ten times higher for con®guration (c) than (a).
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5. NUMERICAL STUDIES

Since the self-consistent ®eld equations (14) and

(15) are complicated nonlinear equations, studying

the properties of their solutions requires numerical

investigations. The numerical results presented in

this paper were obtained in a 128� 128 grid de®ned

on a square simulation area with periodic boundary

conditions. The time integration of equations (14)

and (15) was carried out by the Newton method.

The internal stress was determined from equation

(13) by fast Fourier transformation. In each calcu-

lation a constant dislocation density and a random

k distribution were used as initial con®guration.

Since the size of the simulation area and the ma-

terial parameters except C can be scaled out from

the equations the input parameters �r�t � 0, ~r�,
k�t � 0, ~r�, t , C � and the results of the numerical

calculations are given in arbitrary units.

Figure 1 shows the rÿ �r and k maps developing

with no external stress and without dislocation mul-

tiplication beside a small initial random k. As can

Fig. 5. The dislocation density (a) and its autocorrelation function (b) at ten times higher stress ampli-
tude than applied at the one plotted on Fig. 4(c).

Fig. 6. Dislocation density maps for four di�erent strengths of source terms [C � 1011 (a), C � 1012 (b),
C � 1013 (c), C � 1014 (d)].
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be seen, a rather weak stationary modulation
appears. It contradicts the stability criterion

obtained above, namely, if dislocation multipli-
cation is excluded, the homogeneous solution
remains stable. If, however, the wave vector of a

perturbation is parallel or perpendicular to the
Burgers vector, it never dies out [Re�l1,2� � 0].
Furthermore, the ®nite size and the nonlinearity

can also lead to the development of stable undula-
tions.
A strongly di�erent pattern appears if dislocation

multiplication is introduced. The relaxed (text=0)
dislocation density distribution (Fig. 2), with its
autocorrelation function de®ned as

A�~r� �
�
r�~rÿ ~r 0�r�~r 0� d~r 0 �28�

the Burgers vector density k, and the shear stress

distribution are plotted in the presence of the dislo-
cation source term. (In order to activate dislocation
multiplication the initial ¯uctuation of k was large,
comparable with the average dislocation density.)

As can be seen, a strong, more or less periodic
undulation develops. It is clearly due to the non-
linearity of the equations, since in linear approxi-

mation in the absence of external stress the source
term disappears.
The in¯uence of external stress was inves-

tigated with constant and periodic applied
stress. The initial perturbation was weak
�jk�t � 0, ~r�j=r�t � 0, ~r� � 10ÿ6�, and dislocation

multiplication was introduced. Figures 3 and 4
show the dislocation densities and their autocorrela-
tion maps for constant and periodic applied stress,
respectively. In agreement with the prediction of the

stability criterion, organized dislocation structures
are formed in both cases. A remarkable di�erence
between the two dislocation con®gurations, how-

ever, is that additional peaks appear in the autocor-
relation function if the external stress is periodic,
indicating a shorter characteristic length scale in

the developed structure. The phenomenon is more
pronounced at higher external frequency [Figs 4(c)
and (d)].
The in¯uence of the stress amplitude was also

studied. Figure 5 shows the developed dislocation
map obtained with the same parameters as Fig. 4(c)
but at ten times higher external stress. As it can be

seen the map morphology is di�erent and the auto-
correlation function has non-zero values at shorter
distances.

Simulations with four di�erent C-values were per-
formed in order to study the in¯uence of the
strength of the dislocation source term. Figure 6

shows the dislocation con®gurations obtained. It
can be seen that the dislocation density in the bun-
dles increases with increasing source strength, but
the spacing between the bundles is hardly e�ected.

6. CONCLUSIONS

As a simplest possible dislocation system, an
assembly of parallel edge dislocations was con-
sidered. It was shown that by neglecting short range

correlation e�ects a self-consistent ®eld description
can be derived from the equations of motion of in-
dividual dislocations. The advantage of the applied

derivation method is that it takes into account the
precise form of dislocation±dislocation interaction,
thereby establishing the link between the micro-

and mesoscopic scales description without ``ad hoc''
assumptions.
Stability analysis of the trivial solution of the two

governing equations of dislocation evolution has

revealed that the elastic dislocation±dislocation in-
teraction is not enough to produce patterning but
due to the existence of marginally stabile pertur-

bations the introduction of dislocation multipli-
cation, independently of its strength, leads to self
organization.

The properties of dislocation density evolution
were investigated numerically under di�erent cir-
cumstances. The development of well-de®ned more
or less periodic structures was observed with

characteristic scales strongly dependent on the
deformation mode.
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