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Abstract

The development of the statistical parameters of the dislocation structure during plastic deformation of copper single crystals
(average dislocation density, and average dislocation density fluctuation) was investigated by the method of X-ray diffraction peak
profile analysis. It is found that during the deformation process, while the dislocation density increases monotonically, the average
fluctuation exhibits a maximum corresponding to the transition from stage II to stage III of work hardening. The fractal
dimension of the dislocation structure was also investigated. A strong correlation was found between the fractal dimension and
the relative dislocation density fluctuation. © 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

During the plastic deformation of crystalline materi-
als different pattern formation processes take place (e.g.
cell or PSB formation [1–3]). Recently, to interpret
these processes, statistical methods have been applied
and different stochastic dislocation dynamical theories
have been developed [4–9]. These theories focus on the
distribution function of dislocations or internal stresses.
The stochastic approach suggests that the dislocation
cell structures developing under certain deformation
conditions are self-similar fractals [6,9].

The X-ray line profile analysis of deformed materials
has proved to be a powerful tool for investigating
properties of the dislocation network, by making possi-
ble to determine certain parameters of the dislocation
structure, like the average dislocation density, and the
average dislocation density fluctuation.

In the present work the application of X-ray line
profile analysis is demonstrated for determining the
above mentioned parameters of the dislocation assem-

bly developed in compressionally deformed �1 0 0�-ori-
ented copper single crystals. Furthermore, the
connection between the parameters measured by X-ray
diffraction and the fractal dimensions obtained from
transmission electron micrography (TEM) images is
also investigated.

2. X-ray peak profile analysis

According to the theoretical work of Groma et al.
[10–12] the asymptotic properties of the X-ray Bragg
diffraction profiles in the case of peak broadening
caused by dislocations, are independent of the actual
distribution of the dislocations. This allows the determi-
nation of important statistical parameters (such as the
average dislocation density, average dislocation fluctua-
tion, average dislocation polarization) without making
any assumptions on the arrangement of dislocations.
The evaluation method is based on the analysis of the
dependence of the moments of the measured intensity
distribution on the integration limit, i.e. the behavior of
the function [12]:
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Fig. 1. (a) A measured X-ray Bragg diffraction profile (at the 200
reflection) of a copper single crystal deformed in uniaxial compres-
sion up to 40 MPa resolved shear stress. (b) The f(q)=�4(q)/q2

quantity of the measured profile with the fitted function of Eq. (2)

(referred to, hereafter, as kth order restricted moment)
from which at large enough q � value the average dislo-
cation density (���), the average of the square of the
dislocation density (��2�), and the average dislocation
polarization (�s2�) can be determined [12]. In the
present work we focus on the determination of the
average dislocation density (���), and the average dis-
location density fluctuation �2= (��2�−���2)/���2.
The average dislocation density and the average of the
square of the dislocation density can be obtained from
the asymptotic form of the fourth order restricted mo-
ment [12]

�4(q �)=����q �2+12�2��2� ln
�q �

q0

�
ln
�q �

q0

�
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where � parameter describes the contrast effect of
dislocations [12]. In Fig. 1, an example of the evalua-
tion method is presented on a profile of the 200 reflec-
tion of a copper single crystal deformed in compression.
A typical profile is plotted in Fig. 1(a) while the f(q �)=
�4(q �)/q �2 quantity is shown in Fig. 1(b). According to
Eq. (2), the asymptotic value of f(q �) is ����=�*, the
so-called formal dislocation density, and it has a maxi-
mum of ����+12�2��2�1/qm

2 . The fitted function
f(q �) obtained from Eq. (2) is also plotted in the figure.

3. Results and discussion

The development of the dislocation structure of cop-
per single crystals deformed in uniaxial compression
applied in �1 0 0� direction at 2×10−4 s−1 strain-rate,
was investigated by the X-ray peak profile evaluation
method outlined in section. The profiles were measured
at the 200 reflection.

The square root of the measured formal dislocation
density (�*=����) and the relative fluctuation �2=
(��2�−���2)/���2 vs. external (resolved) shear stress
are shown in Fig. 2. The usual ���� relation fitted to
the dislocation density vs. shear stress curves is also
plotted in the figure.

While the dislocation density increases monotonically
during the deformation process, the dislocation density
fluctuation exhibits a sharp maximum at 40 MPa re-
solved shear stress, corresponding to the stress level of
the transition from stage II of work hardening to stage
III. Similar results were obtained by Diehl [13,14] from
measuring the relative fluctuation of the macroscopic
strain on a copper single crystal deformed in tension.
He found that the strain fluctuation increases during
stages I and II of work hardening, but decreases during
stage III. This indicates that the observed maximum
originates from the structural transition in the disloca-
tion network.

A well-known property of the third work hardening
stage is that its beginning (i.e. the transition between

Fig. 2. The relation between the square root of the measured formal
dislocation densities and the resolved shear stress with the fitted
�=a�� function, measured at the 200 reflection and the variation of
the relative fluctuation (�2) vs. the resolved shear stress.
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Fig. 3. The variation of the relative fluctuation (�2) vs. the resolved
shear stress at two different deformation temperatures.

stage II and stage III) is strongly temperature depen-
dent. Since stage III is related to thermally activated
dislocation motion such as cross-slip, its beginning is
shifted to lower stresses, if the temperature of the
deformation is increased [15–17].

In order to prove that the observed maximum of the
relative fluctuation of the dislocation density is related
to the transition between stage II and stage III, the
same investigation was carried out on samples de-
formed at 193 K, where the transition was expected to
occur at higher stresses. The relative fluctuations as a
function of the resolved shear stress for the two defor-
mation temperatures (300 and 193 K) are plotted in
Fig. 3. It is clear from this figure that the maximum in
the relative fluctuation is shifted to higher stresses for
the lower temperature of deformation. This gives fur-
ther support to the interpretation that the observed
maximum of the relative fluctuation corresponds to the
transition from stage II to stage III of work hardening.

In a recent study, Hähner et al. [6] found, by analyz-
ing transmission electron micrographs, that the disloca-
tion structure developing in �1 0 0�-oriented copper
single crystals deformed in tension is a self-similar hole
fractal, i.e. the probability of the cell size (�) being
larger than a given L is hyperbolic:

P(��L)�L−D (3)

between the limits �min����max, where D is the frac-
tal dimension. The same values for D can be obtained
by box-counting and from the self-correlation function
[5]. It has to be noted that the fractal dimension is
determined from a two-dimensional cross-section of the
three-dimensional dislocation array (the transmission
electron micrographs). The real fractal dimension of the
dislocation cell structure can be obtained by adding 1
to the dimensions obtained from the micrographs. The
observed fractal properties were related to the stochas-
tic dislocation dynamics theory proposed by Hähner
[4], connecting the dimension of the hole-fractal to the
local stress fluctuations during the deformation process.

In order to relate the statistical parameters of the
dislocations obtained by X-ray diffraction to the prop-
erties of the dislocation structures, TEM images was
also performed on �1 0 0�-oriented thin foils. A typical
micrograph along with the corresponding box-counting
method is shown in Fig. 4. The D vs. �2 plot (Fig. 5)
indicates a strong correlation (with a linear relationship
in the investigated regime) between the relative disloca-
tion density fluctuations obtained from the X-ray mea-
surements and the fractal dimensions obtained from the
TEM images [18].

Our results demonstrate that the X-ray peak profile
analysis and fractal analysis of TEM images give com-
parable information about the statistical properties of
the dislocation structure developing during plastic
deformation.

Fig. 4. (a) TEM image showing the dislocation arrangement devel-
oped in compression up to 35 MPa stress. (b) The generally used
log– log plot of the box-counting method applied on the TEM image.
The power-law scaling regime extends to about 2 orders of magnitude
confirming the fractal structure of the dislocation network.
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Fig. 5. The correlation between the fractal dimension of the disloca-
tion structure and the relative fluctuation of the dislocation density
(�2).

dimension determined from TEM images are in strong
correlation.
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4. Conclusions

Copper single crystals deformed in uniaxial compres-
sion were investigated using X-ray diffraction and frac-
tal analysis of TEM images. It has been found that

(i) the relative fluctuation of the dislocation density
shows a maximum during the plastic straining. This
maximum shifts to higher stresses if the temperature of
the deformation is lower. This temperature dependence
is similar to the temperature dependence of the begin-
ning of stage III of work hardening, so the observed
maximum of the relative fluctuation of the dislocation
density corresponds to the transition from stage II to
stage III.

(ii) The relative fluctuation of the dislocation density
obtained by X-ray peak profile analysis and the fractal
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