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Atoms (molecules) pack together in a regular 

pattern to form a crystal.   

There are two aspects to this pattern: 

Periodicity 

Symmetry 

 

First, consider the periodicity… 

Little crystallography 

James A. Kaduc, Crystallography lecture 
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A Primitive Cubic Lattice (CsCl) 

Little crystallography 

James A. Kaduc, Crystallography lecture 
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a unit cell of a lattice (or crystal) is a volume which can 

describe the lattice using only translations.   

 

in 3 dimensions (for crystallographers), this volume is a 

parallelepiped.   

 

such a volume can be defined by six numbers   

 - the lengths of the three sides,  

  or three basis vectors 

 - and the angles between them   

Little crystallography 

James A. Kaduc, Crystallography lecture 



Little crystallography:  lattice vectors and angles 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 
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the unit cell is not unique 

 

 

(c:\MyFiles\Clinic\index2.wrl) 

Little crystallography 

James A. Kaduc, Crystallography lecture 
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Little crystallography 

James A. Kaduc, Crystallography lecture 
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Little crystallography 

James A. Kaduc, Crystallography lecture 
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Little crystallography 

James A. Kaduc, Crystallography lecture 
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how to pick the unit cell? 

• axis must be right-handed 

• angles should be close to 90° 

• periodicity  plus  symmetry 
 

 has to be fulfilled at the same time 

Little crystallography 

James A. Kaduc, Crystallography lecture 



Little crystallography:  lattices 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 



Little crystallography:  lattices 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 



Little crystallography:   the unit-cell 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 



one-fold “1”    two-fold “2”   three-fold “3”     four-fold “4”  axis 

 

 

 

 

 

six-fould “6”    mirror-plane “m”    mirror plus        mirror plus 

     axis                                            two-fold axis    four-fold axis 

Little crystallography:     symmetry operators 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 



a tetrahedron can be placed in  

12 distinct positions by  

rotation alone 

 

the 12 rotations form the rotation group 

group of symmetry operations  

of the tetrahedron 

symmetry group:  group of symmetry operations 



   Point Group 
 

a crystallographic point group is  

a set of symmetry operations, like rotations or reflections,  

that leave a central point fixed while moving  

other directions and faces of the crystal  

to the positions of features of the same kind 

 

point groups must comply with translational symmetry 
 

there exist  32  point-groups 



  Schoenflies notation 
 

 

Cn (c:cyclic): n-fold rotation axis 

S2n (s:piegel=mirror) 2n-fold rotation-reflection axis 

Dn (d:dihedral=two-sided) n-fold rotation axis  

 plus n twofold axes perpendicular to that axis 

T (tetrahedron) symmetry of a tetrahedron 

O (octahedron) symmetry of an octahedron or cube 



  Space Group 
 

crystallographic space groups are  

the crystallographic or Fedorov groups,  

of consecutive symmetry operations 

describing the symmetry of a crystal 

 

there are  230  space-groups 
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Symmetry information is tabulated in 

International Tables for Crystallography, 

Volume A edited by Theo Hahn                      

Fifth Edition 2002 

Little crystallography 

James A. Kaduc, Crystallography lecture 
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Guaifenesin, P212121 (#19) 

Little crystallography:     “spacegroup”  notation 

James A. Kaduc, Crystallography lecture 



P212121 (#19)    P: simple 

   21: two-fold screw-axis 

 

 

 

 

 

     orthorhombic  Bravais lattices   

Little crystallography:     “spacegroup”  notation 

21 is a 180°, twofold rotation followed by a translation of ½ of the lattice vector,  

31 is a 120°, threefold rotation followed by a translation of ⅓ of the lattice vector. 

Guaifenesin:  also glyceryl guaiacolate,  

  an expectorant drug sold over the counter  

  usually taken orally to assist the bringing up (expectoration) of  

  phlegm from the airways in acute respiratory tract infections 
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Little crystallography:     Bravais lattices 

  space-groups can be sorted into 14  symmetry groups 

  these form 7 crystal systems 

  the spatial forms of the 14 symmetry groups 

 are the Bravais lattices 

  the Bravais lattices are the conceivable unit-cells 

 which comply with: 

 translational symmetry and crystal symmetry 

 at the same time 
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Little crystallography:     Bravais lattices 

space groups (#) 

 

195-230 

 

 

75-142 

 

 

16-74 

 

 

168-194 

          143167 

 

 

3-15 

 
 

1-2 



Little crystallography:     Bravais lattices 

(trigonal) 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 



Little crystallography:     Bravais lattices 

 

once again 



Little crystallography 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 



Little crystallography 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 



Little crystallography 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 



Little crystallography:   lattice-planes  in two dimensions 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 



Miller indices 

intercepts of the lattice plane:  

a, b/2, 3c:  1, ½,  3 

reciprocals of the intercepts: 

1, 2, 1/3 

the smallest integers of the same ratio: 

1:2:1/3 = 3:6:1 

3,6,1: are the Miller indices of the plane 

general denotation:  h,k,l 



properties of the Miller indices 

 

cubic 

𝑎

𝑘
 

 

z 

y 

x 

cos =
𝑑
𝑎
𝑘 
 = 

𝑘𝑑

𝑎
 

cos = 
𝑙𝑑

𝑎
 

cos = 
ℎ𝑑

𝑎
 

 𝑐𝑜𝑠2  = 1 =  
𝑑2

𝑎2
 (h2 + k2 + l2) 

 

           d = 
𝑎

ℎ2+𝑘2+𝑙2
 



properties of the Miller indices 

lattice plane:  

goes through the lattice points 

n: normal vector of the lattice plane  

n = ha1 + ka2 +la3 



distance formulas for different lattices 



reciprocal lattice 
 

reciprocal space: 

 

 

 

 

        reciprocal-space vector:  g 

g  =  hb1 + kb2 + lb3 

ng  =  h2 + k2 + l2 



Little crystallography 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 

crystal lattice  reciprocal lattice 



Little crystallography 
 

theorem  #1: 
 

 

 

 g is perpendicular to the hkl crystal-plane 

g  =  hb1 + kb2 + lb3 

𝑎3
𝑙
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 −
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 is  a vector in the plane 
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Little crystallography 
 

theorem  #2: 
 

 

 ghkl = 
1

𝑑ℎ𝑘𝑙
 

for cubic crystals: 

 

 

 

  g = b ℎ2 + 𝑘2 + 𝑙2  
 

  g = b 
𝑎

𝑑
 = 
𝑏𝑎

𝑑
 = 
1

𝑑
 

d = 
𝑎

ℎ2+𝑘2+𝑙2
  



in more detail: 
 

Little crystallography 

Bragg’s law of scattering,  
 

Kinematical versus dynamical scattering,  

Physical meaning of extinction length,  

Scattering by a small crystal,  

Incorporating the unit cell and translational symmetry,  

Structure factor,  

Ewald construction in reciprocal space,  

Fundamental equipment for  

 X-ray diffraction experiments,  

Diffractometers and detectors 



equations of Laue 

a1 

-s0a1 sa1 

difference of path for 

intensity maxima: 

 

a1s – a1s0 = n1 
 

a1(s – s0) = n1 

a2(s – s0) = n2 

a3(s – s0) = n3 
 

     the equations 

       of Laue 



equations of Laue 

a1(k – k0) = n1 

a2(k – k0) = n2 

a3(k – k0) = n3 

1


 s = k 

theorem #3: 

ni are integers 

this can only be satisfied if and only if:   

 k - k0  is a reciprocal-space vector: 

   k - k0 = g = n1b1+ n2b2+ n3b3 



Bragg’s law of scattering 

2 

k0 k 

g 

lattice planes 

g = 
1

𝑑
 = k-k0 = 

2𝑠𝑖𝑛


  

 

       = 2 d sin 
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kinematical  vs.  dynamical scattering 

lattice planes in a large crystal 

and perfect 

crystal surface 

incident beam 

scattering is 

back & forth 

energy travels 

parallel to 

the planes 

energy 



kinematical  vs.  dynamical scattering 

lattice planes in a small crystal 

crystal surface 

incident beam 

scattering occurs  

one single times 



kinematical  vs.  dynamical scattering 

we want to deal with small crystals 

where scattering occurs one single times:  

this is: kinematical scattering 
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a1 a3 

a2 Rmn 

r2 

m1a1+m2a2+m3a3 

N2 

N1 

Rmn = m1a1+m2a2+m3a3+rn 

scattering by a small crystal 



By introducing the elementary-cell:  

 

  translational symmetry is taken care of 

scattering by a small crystal 



The X-ray beam is: a plane wave   (Fraunhofer conditions) 

 
so 

s 

R 

Rmn 

x1 

P 

position of observation 

x2 

x2’ 

O 

 incoming plane wave 

scattering by a small crystal 

Warren,  X-ray Diffraction 



Electromagnetic field at P 

P =            fn 

 x1 = so Rmn 

 x2 = R – s Rmn  x2  x2’ 

 x1 + x2 = R – (s - so)Rmn 

P =            fn 

scattering by a small crystal 

Warren,  X-ray Diffraction 



This has to be summed up for all atoms 

 within the 

  1) molecules 

  2) the “basis”  

   consisting of molecules 

  3) the “nodes” of the space group 

   consisting of basis and molecules 

   

 i.e. for all n and m indices 

scattering by a small crystal 

P =            fn 

Warren,  X-ray Diffraction 



scattering by a small crystal 

four summation terms: n, m1, m2, m3, 

 

                                                
 

 

                                                 

 
 

                                                 

 
 

                                                 

Warren,  X-ray Diffraction 



scattering by a small crystal 

the first term: 

 

 

 

 

 

 

  is NOT affected by the structure 

Warren,  X-ray Diffraction 



scattering by a small crystal 

the three terms with: m1, m2, m3: are equivalent with the 

 Laue equations: 

Warren,  X-ray Diffraction 



the three terms with: m1, m2, m3 have the form of a geometric series: 

 

 

 

using this relation: 

 

 

for all three sums over mi: 

 

 

 

the intensity is the squared absolute value of the amplitude: 

 

this will have the form:   

scattering by a small crystal 

Warren,  X-ray Diffraction 



scattering by a small crystal 

the function                   has 

 

the form for N=20: 

 

 

 

 

 

 

it can be shown that: 

 

 

  lim              = (x) 

N 
the maxima are at:  r(k-k0) = integers 

just as in the Laue equations 

  (or  2integers) 

Warren,  X-ray Diffraction 
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now we turn to the term: 

 

 

this contains rn, the positions of the atoms in the unit-cell 

 

the aim of the diffraction experiment is to determine the rn values, 

i.e. the positions of the atoms in the structure, 

the term above gives the rn values: 

 

we call this term the structure factor:   F  or  Fhkl 

scattering by a small crystal 

Warren,  X-ray Diffraction 



the structure factor 

F = 
 

in a Bragg maximum, at  ghkl, the expression  
2(𝐬−𝐬0)


   

 
must be a reciprocal lattice vector, i.e. 

 

  
2(𝐬−𝐬0)


 = ghkl = hb1+kb2+lb3 

 

rn is a lattice vector: rn = x1a1+x2a2+x3a3 

 ghklrn = hxn+kyn+lzn,   thus 

 

  Fhkl =  𝑓𝑛𝑒
2𝑖(ℎ𝑥𝑛+𝑘𝑦𝑛+𝑙𝑧𝑛)

𝑛
 



the structure factor 

structure factor for a simple fcc crystal: 

(0,0,0,) 
(1/2,1/2,0) 

(0,1/2,1/2) (1/2,0,1/2) 

  Fhkl = 𝑓 (e2i(0)+e2i(h+k)+e2i(h+l)+e2i(k+l)) 
if hkl all even:                       1               1                1               1 

if hkl all odd:                         1               1                1               1 

if hkl mixed parity: e.g.         1               -1             -1               1 



the structure factor 

structure factor for a simple fcc crystal: 

(0,0,0,) 
(1/2,1/2,0) 

(0,1/2,1/2) (1/2,0,1/2) 

1 0 0      missing 

1 1 0      missing 

1 1 1 

2 0 0 

2 1 0       missing 

2 1 1       missing 

2 2 0 

2 2 1       missing 

2 2 2 

3 0 0        missing 

3 1 0        missing 

3 1 1 

   . 

   . 

 systematic extinction 



the structure factor 

structure factor for a crystal with the 

 fcc Bravais lattice: 

 

 

 

 

 

 

 

or: 

Warren,  X-ray Diffraction 



the structure factor 

structure factor for a crystal with the 

 bcc Bravais lattice: 

 

 

 

 

or: 

Warren,  X-ray Diffraction 



in 

 
 

either Cl or Na can be used for evaluationg the “group”, 

let (000) be for Cl and (1/2,1/2,1/2) for Na:                                                 the group 

 

this yields: 

 
 finally:    

the structure factor for NaCl 

Warren,  X-ray Diffraction 



in 

 
 

either Cl or Na can be used for evaluationg the “group”, 

let (000) be for Zn and (1/4,1/4,1/4) for S:                                                 the group 

 

this yields: 

 
 finally:    

the structure factor for ZnS  (zink-blend) 

Warren,  X-ray Diffraction 



in 

 
 

we can use the ZnS result 

 

 

 

 

 

 finally:    

the structure factor for diamond 

Warren,  X-ray Diffraction 

C1 C2 

0,  missing   
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Ewald construction 

the graphical representation of Bragg’s law 



the graphical representation of Bragg’s law 

2 

k0 k, k= 
1

 

g 

lattice planes 

g = 
1

𝑑
 = k-k0 = 

2𝑠𝑖𝑛


  

 

       = 2 d sin 

Ewald construction 



 

2 

k0 k, k= 
1

 

g 

lattice planes 

Ewald construction 

 
O hkl  “excited” 

reciprocal lattice 

whenever the Ewald sphere 

goes through a reciprocal lattice-point 

the corresponding hkl reflection  

will be “excited” 

 

beware of “systematic extinction” 
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Powder diffraction (I) 

2 

k0 k 

g 

in a polycrystal or “powder” specimen 

the same set of lattice planes occur in  

many orientations, each corresponding to 

a different crystal in the sample 

 

 

Ewald sphere 

polycrystal sphere 



Powder diffraction (I) 

2 

k0 k 

g 

in a polycrystal or “powder” specimen 

the same set of lattice planes occur in  

many orientations, each corresponding to 

a different crystal in the sample 

 

 

Ewald sphere 

polycrystal sphere 

Diffraction cone 

Debye-Scherrer line 

2 



Powder diffraction (I) 

diffraction cones 



Debye-Scherrer geometry 



Debye-Scherrer geometry 

Debye-Scherrer line 

base-line of the 

diffraction-cone 

detector 

collimator 
specimen 

the geometry of each 

parallel beam 

diffractometer 



line-focus   point-focus  in the lab 

line 

tungsten filament 



                Bragg-Brentano parafocusing geometry 

 

 

the principle 



Bragg-Brentano parafocusing geometry 



Bragg-Brentano parafocusing geometry 

 -   arrangement                             - 2 geometry 



technical of the parafocusing geometry 



the pyrolytic-graphite monochromator 



X-ray monochromators for lab equipment 

curved                              curved plus ground 



                   X-ray monochromators for lab equipment 
 

pyrolytic carbon:  100 m crystallite size 

    1o  mosaicity 

       large receiving angle 

       relatively large bandwidth, /0.01 

       secondary, reflected-beam monochrom. 

       reduces background 

       reduces fluorescent contribution 



primary-beam X-ray monochromators 



Guinier focusing camera 



Guinier focusing camera 

forward 

 

 

 

 

 

 

backward 

reflection 



Göbel mirror 
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            -2 diffractometer designed by Parrish in the 1940’s 
 

never surpassed 



            -2 diffractometer designed by Parrish in the 1940’s 
 

with primary-beam-monochromator 



X-ray detectors 

CCD 



X-ray detectors 

GE amorphous silicon  MAR  imaging-plate 



X-ray detectors 

“strip” detectors 



Thank you 


