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1) divide #2 by 0.0940 
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Warren,  X-ray Diffraction 

indexing  and  structure from a powder pattern 



Warren,  X-ray Diffraction 

columns #7 and #8 

Na 11 

Cl 17 

indexing  and  structure from a powder pattern 



indexing  and  structure from a powder pattern 

Warren,  X-ray Diffraction 

column #9 

M:  Na          Cl 

we can choose the coordinates of the 4 Cl atoms as: 

 

where to put the Na atoms? 

if one Na is at:  x,y,z,  then the other 3 are fixed 

for the first position there are 3 possibilities in a cubic lattice: 

    but only the first 2 are different 

 

we can start with the first option:  



Warren,  X-ray Diffraction 

LP :  Lorentz-Polarization factor 

 

 polarization factor 

 

 

 

 Lorentz  -  polarization factor   

  for an unpolarized incoming beam 

indexing  and  structure from a powder pattern 



indexing NaCl  as  ZnS 

the intensities  turn out to be wrong 

Warren,  X-ray Diffraction 

indexing  and  structure from a powder pattern 

from the two options: 
 

checking with the other option:  



Na Cl                               ZnS 

indexing  and  structure from a powder pattern 
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the structure factor in terms of continuous electron/charge density: 

 

 

 

this is a Fourier transform: 

 

 Fhkl = FT[(r)] 

The scattered intensity:   I(K) = Fhkl 
2,  where  K = 

2𝑠𝑖𝑛


 

Patterson function 



Fhkl 
2 = Fhkl  Fhkl

* = FT[(r)]×FT[(-r)] = 

 

 = FT[(r)  (-r)] = FT[P(r)] 

 

 P(r) =  (𝐫)(𝐫 + 𝐫′)𝑑3𝐫′ 
 

 Patterson function: autocorrelation of  (r) 

Patterson function 



Patterson function 

linear  charge density  and the corresponding Patterson function 



Patterson function 

a diffraction experiment yields:  the pair - correlation 
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phase analysis, data – bases  

a diffraction pattern is the fingerprint of materials 



phase analysis, data – bases  

a diffraction pattern is the fingerprint of materials 
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ICDD data files 
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    the Rietveld method 
 

structure refinement from powder patterns 

the principle of the Rietveld Method is  

to minimize a function M, the difference between  

the measured diffraction pattern  yobs 

and the calculated pattern  ycalc  

 

 

 

    Wi :  weights,  c :  scaling factor 



the Rietveld method 



the Rietveld method 



the Rietveld method 

R.A.Jung: The Rietveld Method, 1993 
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Macherauch, E. (1965) 

 schematic classification of internal stresses 



Macherauch, E. (1965) 

 schematic classification of internal stresses 

I:  macro-stress 

 averaged over many grains 

 

II:  intergranular-stresses 

 averaged over individual grains 

  

III:  micro-strains  (or stresses) 

 produced by dislocations 



                                    stress – strain 
 

ONLY  strain can be measured 

d 

d 



                                    stress – strain 
 

ONLY  strain can be measured 

 

 

    d  is always measured 

    parallel to g 

    where d is the distance of the  

    planes normal to the 

    g vector 
 

    tilting the specimen allows to 

    determine different components 

    of the  strain-tensor 

d 

d 



                                    stress – strain 
 

 

 

 

 

 

 

 

 

 

 

 

the 6-circle diffractometer 

for stress measurement 

at synchrotrons 
 

 

   http://www.opengda.org/documentation/manuals/Diffcalc/trunk/user/manual.html 



stress – strain 

usual notations for X-ray 

stress-strain experiments 

 

S1, S2, S3 : sample coordinates 

L1, L2, L3 : laboratory coordinates 



stress – strain 

g  
n 



stress – strain 

sample coordinates 

laboratory coordinates 

(1) 



stress – strain 

    (a) 

 

 

typical plots 
 

a, b :  eq. (1)  can be solved 
 

    c :  eq. (1)  cannot be solved 

(c) 

(b) 



Detector Bank #2 
+90° 

Detector Bank #1 
-90° 

Q1 

Q2 

lattice – strains 

time-of-flight (TOF) 

neutron beam 



Detector Banks    +    Collimators  VULCAN, SNS, Oak Ridge 

lattice – strains 



lattice – strains 

B1 

axial 

B2 

side 

 

316  stainless-steel 
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texture 

bulk, polycrystalline materials 

consist almost 

NEVER   

of randomly oriented  

grains or crystallites 

 

the distribution of the 

crystallographic orientation of 

grains or crystallites is 

TEXTURE 



texture 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 

random   preferred orientation 



texture 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 

54.7o 



texture 

2111 



texture 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 



texture 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 

specimen is rotated over 

two axes  



texture 

brass-texture 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 



texture 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 



texture 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 

orientation-distribution-function  (ODF) 



texture 

B.D.Cullity & S.R.Stock, Elements of X-ray Diffraction 

ODF 

cold-rolled  brass 
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Macherauch, E. (1965) 

 schematic classification of internal stresses 

I:  macro-stress 

 averaged over many grains 

 

II:  intergranular-stresses 

 averaged over individual grains 

  

III:  micro-strains  (or stresses) 

 produced by dislocations 

 
 

   +  other effects 



Line broadening is small 



Ni  ball-milled  for 12  hours 
P. Scardi M. Leoni, Acta Cryst. (2002). A58, 190-200 

Logarithmic intensity scale 



Al-3 wt% Mg  ball-milled  for  6  hours 
G. Ribárik, J. Gubicza, T. Ungár, Mater. Sci. Eng. A, 387-389 (2004) 343-347. 

Logarithmic intensity scale 



ZK60 Mg alloy  deformed by ECAP 
L. Balogh, R.B. Figueiredo, T. Ungár, T.G. Langdon, Mater. Sci. Eng. A, 528 (2010) 533-538. 



Al-base Al-Mg alloy friction-stir-welded  (FSW) 
W. Woo, L. Balogh, T. Ungár, H. Choo, Z. Feng, Mater. Sci. Eng. A, 498 (2008) 308-313. 



Al-base Al-Mg alloy friction-stir-welded  (FSW) 
W. Woo, L. Balogh, T. Ungár, H. Choo, Z. Feng, Mater. Sci. Eng. A, 498 (2008) 308-313. 



Fortunately the instrumental effect  

 - can be small 

 - can be corrected, if necessary 



Diffraction from „perfect” crystals of LaB6 
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Diffraction from PbS - Galena, grinded for 12 hours  
T. Ungár, P. Martinetto, G. Ribárik, E. Dooryhée, Ph. Walter, M. Anne, J. Appl. Phys. 91 (2002) 2455-2465. 
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The difference betwee the Measured and the Instrumental profiles 

 tells us the microstructure 
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X-ray diffraction peaks can 

    be shifted 

    can become asymmetric 

    can broaden 

    can have any combination of these three 



[001] Cu single crystals deformed in tension 
T.Ungár, H.Mughrabi, D.Roennpagel, M.Wilkens, Acta Metall. 32 (1984) 333. 

H.Mughrabi, T.Ungár, W.Kienle M.Wilkens, Phil. Mag. 53 (1986) 793.   

(i) broadening: 

     dislocations 

(ii) asymmetry: 

      internal stresses 

      gradient stresses 

(iii) shift: 

       homogeneous strains 

       due to vacancies 

(iv) background 

       has been subtracted 



 Peak shifts 

 internal stresses of different kinds  

 stacking faults,   

 chemical inhomogeneities 

Broadening 

 microstrains 

 nanograins 

 subgrains 

 small crystallites 

Asymmetries 

 internal stresses of different kinds  

 stacking faults,   

 chemical inhomogeneities 



Separation of the different effects is based on 

- order  dependence 

-  hkl  anisotropy 

 

- profile-shape 

 

-  sub-profile displacement 



      .       .       .       .       .       . 

    .     .     .     .     .     . 

  .   .   .   .   .   . 

. . . . . . 

O Size  broadening 

Strain  broadening 

Twinning  or  faulting 

Schematic picture of line broadening 



Two different approaches  -  philosophies: 

 

 top-down 

 

 bottom-up  



Top-down: 

 

 the  diffraction patterns are  

 fitted  by  analytical  profile-functions 

Bottom-up: 

 

 the  profile-functions are  

  created by  theoretical methods 

  based  on  actual lattice defects 

 diffraction patterns are fitted  by  

  these defect-related profile-functions 



Top-down analytical  profile-functions: 



For many good reasons we follow the 

 bottom-up approach 



The  hierarchy  of  

 non-size-type  

 lattice defects 



 0 dimensional:  point defects 

   point-defect-type, e.g.  precipitates 

           inclusions 

  (r)  1/r2 

 2 dimensional: planar defects, e.g. stacking faults 

     twin boundaries 

     grain boundaries 

     domain boundaries 

   (r)  constant 

 1 dimensional: dislocations 

   non-equilibrium  triple-junctions 

   linear-type  defects 

   (r)  1/r 

Krivoglaz:   the spatial dependence of strain:   (r) 



  crystal-space   versus    reciprocal-space 

   short  distance                 long  distance 

   long  distance                    short  distance 



Krivoglaz:   the spatial dependence of strain:   (r) 

-10 -5 0 5 10
0,01

0,1

1

10

1/r
2

(r)

r  [A.U.]

1/r



 0 dimensional:  point defects 

   point-defect-type, e.g.  precipitates 

           inclusions 

  (r)  1/r2 
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Diffraction pattern:   diffuse scattering 
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 1 dimensional: dislocations 

   non-equilibrium  triple-junctions 

   linear-type  defects 

   (r)  1/r 

Diffraction pattern:   line broadening 



 2 dimensional: planar defects, e.g. stacking faults 

     twin boundaries 

     grain boundaries 

     domain boundaries 

   (r)  constant 

Diffraction pattern:   peak shift 
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Line broadening  is caused by strain:  if and only if 

 

 strain is produced by linear-type defects 

 the prototype of  which are:  dislocations 



Fundamental equation for line-broadening:  Warren [1958]: 

Dislocation-model for <g,L
2>:  Wilkens  [1970]: 

b  :  Burgers vector 

  :  dislocation density 

C  :  Contrast factor of dislocations 

 f()  :  Wilkens function [1970] 

  = L/Re  

AL(g)     AL
S   exp{ - 22L2g2 <g

2> } 

Strain Fourier coefficients 

 2

,gL 



4

2
bC =                f() 
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The Wilkens function  [1970] 

f () 

~ 1/ 

~ ln()  
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Dislocation  arrangement  parameter 

 

  random          highly correlated  

Re > d            1/2=1/d  

M = Re/d = Re
1/2  > 1  

Re<< d           1/2=1/d  

M = Re
1/2  << 1  

d 
d 

Re 

Re 
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Strain profile  3 parameters   (in cubic crystals) 

 

 

 

 dislocation - density :     

   - arrangement parameter:  M 

 

 contrast factor - strain anisotropy:   q 



Strain profile: 

 inverse Fourier transform of the strain Fourier coefficients 

ID(s) =    exp{ - 22L2g2 <L,g
2> }exp(2iLs)dL 

<g,L
2
>= (b/2)

2 
C  f() 

where: 



Size profile:   IS 
 

    assuming log-normal size distribution: 

m:  median 

:  variance 



CMWP  method 
 

Philosophy of evaluation 
 
 

IMeas   < = >    IStrain*ISize*Iplanar defects        *   IInstr   +  BG 

 

 

 

 

Non-linear, least squares fitting 

 

IStrain  :  ,  M,  q  M = Re 1/2 

ISize     :   m,   

Iplanas defects :   or  

In  cubic  crystals altogether:  5+1  parameters 

Physically modeled Experimentally 

determined 
Measured pattern 



CdF2 ball milled for 12 min 
G. Ribárik, N. Audebrand, H. Palancher, T. Ungár and D. Louër, J. Appl. Cryst. (2005). 38, 912–926 



Thank you 
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 attention 


