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•  Large stochastic fluctuations arise 
during the deformation of small (few 
um) crystalline samples 
•  Makes predictable deformation 

impossible 

•  Power-law distributions characterize 
intermittency 

•  The question of universality is still 
open 
•  What physical processes affect the 

critical behaviour and how? 

The stress–strain curve (Fig. 2) of the LAGB pillar is
dominated by a higher yield strength, stronger hardening
and smaller load drops compared to the corresponding sin-
gle-crystalline pillars. The most apparent reason for the
strength increase of 19–41% at 1% strain is the reduction
in source size in the component grains through truncation
hardening. It should be noted that the evaluation of yield
strength in micromechanical samples is influenced by the
strain at which it is analyzed. Since an evaluation at 0.2%
strain as for macroscopic samples is not sensible due to

the lack of accuracy in micromechanical tests, we per-
formed our measurements at 1% strain. As discussed in
the Introduction, the use of a constant size effect exponent
for the strengthening power law is controversial; however,
to obtain an estimate for the increase in yield strength, the
phenomenological scaling law by Dou and Derby [20] and
the source activation stress formula by Rao et al. [18] were
used. Rao et al. calculated the critical resolved shear stress
of double-ended and single-ended dislocation sources of
30! mixed type with varying lengths from 233 to 933 Bur-
gers vectors and fitted the simulation data with the follow-
ing equation:

sðLÞ ¼ kG
lnðL=bÞ
ðL=bÞ

ð2Þ

Here L is the source length, G the shear modulus, b the
Burgers vector and k a constant with values of 0.06–0.18
for single-ended to double-ended sources. Since the

Fig. 3. SEM micrographs of micropillars after compression; the CTB is nearly parallel to the viewing direction going from top to bottom of the pillar. (a)
Compression sample of grain 1. (b) Bicrystalline pillar containing a CTB that is comprised of grain 1 and grain 2. It can be clearly seen that the slip steps of
both grains meet perfectly along a straight line, the CTB. (c) Compression sample of grain 2.

Fig. 4. Side view of the deformed bicrystalline pillar from Fig. 3b. The
CTB runs from left to right through the top surface of the pillar and is
nearly parallel to the viewing plane. Both grains are displaced simulta-
neously into the same directions parallel to the image plane.

Fig. 5. Engineering stress–strain curve of the single-crystalline compres-
sion samples of grain 1 (gray), grain 2 (black) and the bicrystalline sample
containing a CTB (green). (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
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The stress–strain curve (Fig. 2) of the LAGB pillar is
dominated by a higher yield strength, stronger hardening
and smaller load drops compared to the corresponding sin-
gle-crystalline pillars. The most apparent reason for the
strength increase of 19–41% at 1% strain is the reduction
in source size in the component grains through truncation
hardening. It should be noted that the evaluation of yield
strength in micromechanical samples is influenced by the
strain at which it is analyzed. Since an evaluation at 0.2%
strain as for macroscopic samples is not sensible due to

the lack of accuracy in micromechanical tests, we per-
formed our measurements at 1% strain. As discussed in
the Introduction, the use of a constant size effect exponent
for the strengthening power law is controversial; however,
to obtain an estimate for the increase in yield strength, the
phenomenological scaling law by Dou and Derby [20] and
the source activation stress formula by Rao et al. [18] were
used. Rao et al. calculated the critical resolved shear stress
of double-ended and single-ended dislocation sources of
30! mixed type with varying lengths from 233 to 933 Bur-
gers vectors and fitted the simulation data with the follow-
ing equation:

sðLÞ ¼ kG
lnðL=bÞ
ðL=bÞ

ð2Þ

Here L is the source length, G the shear modulus, b the
Burgers vector and k a constant with values of 0.06–0.18
for single-ended to double-ended sources. Since the

Fig. 3. SEM micrographs of micropillars after compression; the CTB is nearly parallel to the viewing direction going from top to bottom of the pillar. (a)
Compression sample of grain 1. (b) Bicrystalline pillar containing a CTB that is comprised of grain 1 and grain 2. It can be clearly seen that the slip steps of
both grains meet perfectly along a straight line, the CTB. (c) Compression sample of grain 2.

Fig. 4. Side view of the deformed bicrystalline pillar from Fig. 3b. The
CTB runs from left to right through the top surface of the pillar and is
nearly parallel to the viewing plane. Both grains are displaced simulta-
neously into the same directions parallel to the image plane.

Fig. 5. Engineering stress–strain curve of the single-crystalline compres-
sion samples of grain 1 (gray), grain 2 (black) and the bicrystalline sample
containing a CTB (green). (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
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•  2D discrete dislocation dynamics model 

•  Extended criticality and effect of quenched pinning 

•  Local yield thresholds 
•  Anomalous scaling 

•  Linear stability analysis 
•  Dynamical correlations in the system 
•  Prediction of events 
•  Quenched pinning 
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2D DDD 
•  Parallel edge dislocations in single slip 
•  Periodic boundary conditions 
•  Number of dislocations: N 
•  Sign of dislocations: si = ±1 
•  Stress-field of an individual 

dislocation: τxy
•  Overdamped motion: 
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F. F. Csikor et al., JSTAT, 2009 ; P. D. Ispánovity et al., PRL, 2011 

h|v(t)|i / t�↵, ↵ ⇡ 0.87
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•  Average absolute velocity: 

•  The cut-off tc diverges with 
system size 
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•  The system is 
always critical 
•    
•    
•  Avalanches always 

span the whole 
system 

•  Also true in 3D 

PD Ispánovity, L Laurson, M Zaiser, I Groma, S Zapperi, M Alava, PRL, 2014 
A Lehtinen, G Costantini, M Alava, S Zapperi, L Laurson, PRB, 2016 
M Ovaska, A Lehtinen, M Alava, L Laurson, S Zapperi, PRL, 2017 

Pinning Jamming

hsi / L0.8
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•  A new length-scale leads to: 
•  1.0 → 1.3 → Gaussian 
•  jamming → pinning → non-critical 

dynamics 

[Ovaska, Laurson, Alava, Sci. Rep. (2015)] 
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to depinning-like criticality with non-trivial exponents, and another where critical behaviour is absent 
due to strong screening. The fundamental issues concern now the details of the phase diagram, the 
cross-overs from jamming to pinning and vice versa, and the precise location of the point where the 
jammed, pinned, and the flowing phases meet.

Which of the three phases is observed for a specific crystal should depend on the densities of disloca-
tions and pinning centres, and on the pinning strength induced by the latter: the fluctuating dynamics of 
a mobile dislocation is controlled by the spatial fluctuations of the forces of different origins experienced 
by it as it moves, i.e. those originating from dislocation interactions (a dynamic quantity), and from 
interactions with the static pinning centres. For instance, decreasing the dislocation density in a system 
with a fixed concentration and strength of pinning centres will eventually lead to a situation where pin-
ning forces experienced by the dislocations dominate over those due to dislocation interactions. Another 
consequence of adding a quenched pinning field is given by the introduction of a microscopic disor-
der length-scale to the otherwise scale-free dislocation system, implying that the disordered dislocation 
system is not in the “similitude regime”33: an extreme manifestation of this is given by the lack of scale 
invariance of the strain bursts for very strong disorder.

Our study has been confined to the 2d case for the basic reason that collecting the large avalanche 
statistics needed in 3d DDD simulations is numerically much more challenging. There, in the absence 
of disorder, mean-field -like exponents have been claimed - although stress-resolved avalanche distribu-
tions were not considered in7 - and it follows naturally from our results that one expects to find the two 
screened phases also there, with the introduction of point-like pinning centres. In 3d systems, further 
complications may arise due to forest hardening: immobile dislocations on inactive slip systems could 
have a similar effect as our quenched pinning centres, possibly leading to pinning-dominated disloca-
tion dynamics even in the absence of additional impurities such as solute atoms or precipitates. In BCC 
metals, also sufficiently strong Peierls barriers may have a similar effect. Two-dimensional systems such 
as colloidal crystals34 may provide relevant experimental systems to directly test our results. Note that a 
similar set of exponents to the one observed here for the intermediate disorder strength case was found 
very recently in a 2d amorphous plasticity model35, suggesting a possibility of a broad universality class 
of plastic deformation, where microscopic details are irrelevant.

A most important practical conclusion is that the micro-structure of materials with dislocation activ-
ity may induce discrete qualitative changes in the bursty deformation dynamics: jamming or pinning. 
The depinning phase should give rise to usual phenomena such as thermally assisted creep36 and glassy 
relaxation37, which relate to the critical exponents of the transition, and where the spatial correlations 
(point- or line-like and so forth) of the disorder are relevant. An obvious further generalisation of our 
study is to time-dependent disorder, such as diffusing solute fields38, where phenomena such as the 
Portevin-Le Chatelier effect should ensue39,40.

Methods
2D DDD model with pinning. The 2d DDD model we study is a development of other models stud-
ied in the literature26,27, with the addition of a random arrangement of Ns quenched pinning centres. It 
represents a cross section (xy plane) of a single crystal, with a single slip geometry, and straight parallel 
edge dislocations along the z axis. The Nd edge dislocations glide along directions parallel to their Burgers 
vectors b =  ± bux, where b is the magnitude and ux is the unit vector along the x axis. Equal numbers 
of dislocations with positive and negative Burgers vectors are assumed, and dislocation climb is not 
considered: The latter is a good approximation for low temperatures41,42. The dislocations interact with 
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to be the avalanche size s, and we also consider the statistics of the avalanche durations T. Once V(t) <  Vth, 
and the avalanche has finished, the stress is again ramped up at a rate σext,t, until the next avalanche is 
triggered.

The results obtained in the limit of a small threshold value Vth =  10−4 in Fig. 3 show that the data is 
described by the scaling

σ( , ) ∝ ( / ), ( )τ−P s s f s s 1ext 0
s

where τs =  1.30 ±  0.03 and s0 ∝  (σc −  σext)−1/σ, with 1/σ =  1.90 ±  0.04. Notice that this behaviour, while in 
agreement with the standard depinning scaling picture, is fundamentally different from that observed in 
the corresponding pure system, where s0 is proportional to the exponential of the applied stress, 
s0 ∝  exp(σext/σ0), and the power law exponent τs has a lower value τ ≈ 1.019. We have checked that τs, as 
well as the cutoff of the distribution of slip sL2, are independent of the system size (see Supplementary 
Figs. S1 and S2). The latter result is again in contrast to the pure system results, where the slip distribu-
tion cutoff was found to exhibit a power law dependence on the number of dislocations, or the system 
size19. Our estimates of τs and 1/σ are close but not equal to their mean-field depinning values (3/2 and 
2, respectively)20. The inset of the upper panel of Fig.  3 shows the stress-integrated distribution 
( ) ∝ τ− ,P s sint

s int, with τs,int =  1.85 ±  0.10. τs,int obeys within error bars the scaling relation τs,int =  τs +  σ29, 
and is also in reasonable agreement with the exponent value describing the distribution of dissipated 
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study the effect of disorder on collective dislocation dynamics. To this end, we generalise the standard, 
two-dimensional (2d) DDD models26,27 to include a random arrangement of Ns quenched pinning cen-
tres. This random pinning landscape could be due to e.g. solute atoms with a low mobility; however, the 
detailed nature of the pinning centres is irrelevant for our conclusions, and in general one expects on the 
basis of the theory of depinning of elastic manifolds in random media that the microscopic details are 
not important11,20. A snapshot of the 2d system with pinning centres interacting with the dislocations28 
is shown in Fig. 1.

The disorder immediately widens the phase diagram of the DDD models at a constant applied stress 
so that the (candidate) order parameter, shear rate, becomes a function of both the applied shear stress 
and the relative strengths of the pinning and the dislocation-dislocation interactions. For strong enough 
disorder, we find a yielding transition that agrees with the standard depinning scaling scenario, exhibiting 
the typical signatures of power-law distributions for both avalanche sizes and durations, with the cut-offs 
of the distributions displaying power-law divergences at a critical applied stress: yielding becomes depin-
ning, and jamming becomes pinning. The set of critical exponents characterising these distributions 
is found to be different from that of mean field depinning. With still stronger disorder, the collective 
behaviour disappears, as is indicated by the qualitative phase diagram in the inset of Fig.  1. A special 
point of the phase diagram corresponding to the low-disorder limit is given by the corresponding pure 
system19, where the scaling behaviour is completely different from those of the above-mentioned two 
phases where pinning plays a role. We next explore these two novel phases, in particular by considering 
the scaling properties of dislocation avalanches.

Results
In order to address and characterise the various aspects of collective dislocation dynamics under the 
influence of disorder, we consider an extension of the standard 2d DDD model26,27 with single-slip geom-
etry, with the additional ingredient of a quenched pinning field, see Fig. 1 and Methods for details. The 
model consists of Nd edge dislocations with an equal number of positive and negative Burgers vectors 
(with the blue and red symbols in Fig. 1 corresponding to the signs of the Burgers vectors, sn =  +1 and 
−1, respectively), interacting via their long-range anisotropic stress fields, and gliding along the x direc-
tion within a square simulation box of linear size L. The quenched pinning field is modelled by includ-
ing Ns randomly distributed immobile pinning centres, or solute atoms (shown as black dots in Fig. 1), 
interacting with the dislocations with an interaction strength A. Overdamped dynamics is assumed, 
such that the velocity vn of the nth dislocation is proportional to the total stress (with contributions 
from interactions with other dislocations, pinning centres and the external stress) acting on it. While 
not including all the details of full three-dimensional systems with flexible dislocation lines7, the model 
is expected to capture the essential features of the crossover from jamming (dislocations getting stuck to 
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Figure 1. A snapshot of a two-dimensional dislocation assembly with quenched pinning centres, and 
a phase diagram portraying the nature of dislocation dynamics. The main figure shows a part of the 
system: Edge dislocations with positive and negative Burgers vectors are shown in blue and red, respectively, 
and black dots denote randomly positioned quenched pinning sites (solute atoms). The total system 
size is L =  200b and it contains Nd ≈ 900 dislocations and Ns =  32000 pinning centres. The inset shows a 
schematic phase diagram in the space spanned by external stress and strength of the quenched disorder. 
As the disorder strength increases for a fixed external stress, jamming becomes pinning, and finally critical 
dynamics ceases at very strong disorder.
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•  Alloying introduces a length-scale 
•  Critical → smooth dynamics 
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plasticity can be shifted (or even suppressed down to sub-mm
scales, see Al-Cu-Sn) by introducing high pinning-strength disor-
der. Such “dirtier is milder” phenomenon reveals the presence of a
disorder-related characteristic scale and suggests that the corre-
sponding internal size effect competes with the more conventional
external size effect. Recall that in bulk materials, a stronger degree
of wildness correlates with a smaller value of a non-universal
exponent k in the power law distribution of strain bursts
PðsÞ # s$k [10]. The maximum likelihood analysis [38] of plastic
avalanches in micro-pillars confirms this trend down to sub-mm
scales (Fig. 6) and reveals a universal (material independent) rela-
tion between W and k (Fig. 5b). This crossover behavior illustrates
the gradual transition from power-law (wild) to Gaussian (mild)
fluctuation regimes, and provides a unifying perspective on plastic
fluctuations at both micro- and macro-scales [10]. The limiting
behaviors are observed in pure Al (% 3500 nm), showing almost
purely power-law distributed bursts with exponent k approaching
(for the smallest sizes) the previously reported value [6,18,40,41]
close to the one predicted by the mean field theory, k ¼ 1.5 [3],
and in Al-Sc precipitate (' 2000 nm) and Al-Cu-Sn alloy, where the
empirical distributions of the (few) detected strain bursts are
almost Gaussian. In this last case, the exponent k cannot be esti-
mated from the maximum likelihood methodology as the result of
insufficient statistics in the tail of the distributions.

Note that this transition from power-law to Gaussian distribu-
tions should not be confused with an upper cut-off of a power law
scaling. Indeed, we could expect a “trivial” finite-size effect to
impact our displacement burst distributions from the upper side
[4,18]. However, in this case, this cut-off should be more pro-
nounced upon decreasing the sample size, in opposition with what
is shown on Fig. 6. In addition, the study of the likelihoods of

power-law distribution with upper cut-off, PðsÞ # s$kexp
!
$ s

smax

"
,

have shown that the possible upper cut-offs amplitude smax were
hardly detectable. This is likely due to the limited statistics of our
datasets, but also reinforces the reliability of our estimation of the
exponent k.

4.3. Nondimensional parameter R

The “dirtier is milder” phenomenon quantified above implies
the existence of a disorder-related characteristic scale that com-
petes with the external size effect. To interpret our experiments, we
first of all define this internal length scale as l ¼ Gb=tpin, where tpin
is the pinning strength of all kinds of obstacles (see section 3.2).
This parameter describes the length scale at which the dislocation-
dislocation elastic interaction stress (scaling as Gb=l) becomes equal
to the dislocation-obstacle interaction stress tpin [42]. In this sense,
l controls the transition from “endogeneous” (dislocation-disloca-
tion) to “exogeneous” (dislocation-obstacle) interaction. More
precisely, the implied crossover between the two fluctuation re-
gimes should be governed by a non-dimensional parameter R ¼ L=l.
The scaling collapses of our data shown in Fig. 7a and c suggests
that indeedW ¼ WðRÞ and k ¼ kðRÞ. In particular, this result implies
that the decrease of L can be compensated by the proportional
increase of tpin. From this interpretation, we can construct a new
regime map (Fig. 8) to display the coupled effect of external size
and disorder on intermittency for different types of defectiveness.
In this regime map, the fluctuations are characterized by two
important parameters, k and W , that are linked by the universal
relation shown in Fig. 5b.

It should be mentioned that we do not have grains in our
samples, so we essentially assume that the corresponding charac-
teristic scale Lg is larger than any of the above scales. Another

Fig. 6. Distributions of detected displacement burst sizes in pure Al (a), Al-Sc cluster (b), Al-Sc precipitate(c), and Al-Cu-Sn micro-pillars (d). In (b) and (c), the burst sizes
follow a Gaussian distribution at small sizes, and a power law distribution at large sizes. The power law exponent is a function of external size and disorder. A crossover from a
power law to a Gaussian distribution can be observed as we increase the diameter and/or the pinning strength of the disorder.
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exponent k.
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The “dirtier is milder” phenomenon quantified above implies
the existence of a disorder-related characteristic scale that com-
petes with the external size effect. To interpret our experiments, we
first of all define this internal length scale as l ¼ Gb=tpin, where tpin
is the pinning strength of all kinds of obstacles (see section 3.2).
This parameter describes the length scale at which the dislocation-
dislocation elastic interaction stress (scaling as Gb=l) becomes equal
to the dislocation-obstacle interaction stress tpin [42]. In this sense,
l controls the transition from “endogeneous” (dislocation-disloca-
tion) to “exogeneous” (dislocation-obstacle) interaction. More
precisely, the implied crossover between the two fluctuation re-
gimes should be governed by a non-dimensional parameter R ¼ L=l.
The scaling collapses of our data shown in Fig. 7a and c suggests
that indeedW ¼ WðRÞ and k ¼ kðRÞ. In particular, this result implies
that the decrease of L can be compensated by the proportional
increase of tpin. From this interpretation, we can construct a new
regime map (Fig. 8) to display the coupled effect of external size
and disorder on intermittency for different types of defectiveness.
In this regime map, the fluctuations are characterized by two
important parameters, k and W , that are linked by the universal
relation shown in Fig. 5b.

It should be mentioned that we do not have grains in our
samples, so we essentially assume that the corresponding charac-
teristic scale Lg is larger than any of the above scales. Another

Fig. 6. Distributions of detected displacement burst sizes in pure Al (a), Al-Sc cluster (b), Al-Sc precipitate(c), and Al-Cu-Sn micro-pillars (d). In (b) and (c), the burst sizes
follow a Gaussian distribution at small sizes, and a power law distribution at large sizes. The power law exponent is a function of external size and disorder. A crossover from a
power law to a Gaussian distribution can be observed as we increase the diameter and/or the pinning strength of the disorder.
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symmetrical multiple slip system is actually a breakdown of
Schmid's law [56]. (ii) On the contrary, in 3500 nm-sized Al-Cu-Sn
micro-pillars, more uniform plastic deformation is found, with
barrel-like deformation morphology. The large size allows signifi-
cant dislocation motion before annihilation at free surface [55,57]
and so dislocation sources to be activated within the bulk on
multiple slip planes [49]. 3D Dislocation networks are formed,
leading to the uniform plastic deformation associated with mild
fluctuations and radial dilation under compression (see Fig. 10h).
(iii) In the pure Al micro-pillar with a large diameter of 3500 nm
(Fig. 10b), plastic deformation is still concentrated on a single slip
plane, as, in the absence of disorder, dislocations can easily escape
to be annihilated at free surfaces.

The isotropy of deformation can be interpreted as a qualitative
measurement of the frequency of dislocation intersections and
entanglements. The correlation between isotropy and mildness
hints towards their common origin that one can associate with the
hindering of avalanches and the prevalence of short-range
interactions.

5.3. Brief summary

The presented correlations reveal complex dependence of
dislocation dynamics on sample size, disorder and crystal sym-
metry. Wild plasticity is rooted in anisotropy [10]: in small-sized
pure crystals, symmetry is compromised by surface effects and
they usually exhibit a single slip flow (Fig. 10) even when multiple
slip planes are active in bulk samples [49]. Induced anisotropy can
be also related to the smaller role played by short-range in-
teractions among dislocations due to the practical absence of locks,
junctions, etc. In particular, the probability of mutual dislocation
reactions, resulting in entanglements and immobilization, di-
minishes with the sample size [14], and the size-induced high yield
stress can compromise their stability [53]. This weakens the role of
the self-induced dislocation microstructure, which suppresses
intermittency in high symmetry bulk materials [10].

The intriguing link between the mild-to-wild transition and the
transition from the regime of forest hardening to the regime of
source-exhaustion hardening (Fig. 7a and b) indicates that a ma-
terial becomes mild when forest hardening is favored. Our analysis
of disordered samples supports these findings, suggesting that the
high-strength defects can mimic forest dislocations by quenching

avalanches [22] while simultaneously strengthening the material
(Fig. 3a). The disorder impedes dislocations from reaching free
surface sinks and facilitates entanglements, making plasticity more
isotropic (i.e. multi-slip, Fig. 10) and promoting forest hardening
(Fig. 9). The data collapse suggests that both hardening-related and
fluctuations-related transitions are controlled by the competition
between the external scale L and the internal scale l which can be
quantified in terms of a single nondimensional parameter R ¼ L=l
(Fig. 7).

The identified correlations involving strain hardening mecha-
nisms, deformation morphology and fluctuation behavior suggest
new intricate links between these seemingly unrelated
phenomena.

6. The model

Our experimental results find a simple interpretation in the
framework of a mean field model for the density of mobile dislo-
cations rm, first introduced in Ref. [10]. We assume that the dislo-
cation dynamics under constant stress can be described by the
stochastic equation:

drm
dg

¼ A" Crm þ
ffiffiffiffiffiffiffi
2D

p
rmxðgÞ (4)

Here the time-like parameter g is the average shear strain, A>0
is the net nucleation rate (which takes into account a negative
contribution from surface annihilation), C >0 is the rate of mutual
annihilation/immobilization of the dislocation pairs. While this
deterministic part of the model is rather conventional, the sto-
chastic term in Eq. (4) requires some explanation. We assumed that
long range stochastic interactions can be implemented in the form
of a multiplicative mechanical noise described by the last term in
the right hand side of (4). We denoted by xðgÞ the standard white
noise with zero average and delta type correlations hx gð Þ i ¼ 0,
hxðg1Þxðg2Þ i ¼ dðg1 " g2Þ. This noise with intensity D describes
fluctuations experienced by a representative volume due to in-
teractions with the rest of the system. Similar approaches, relying
on the idea of ‘mechanical temperature’ as a description of the
fluctuating local stress, have been used in the modeling of athermal
amorphous plasticity [58] and in the representations of crystal
plasticity as a noise induced transition [59]. Various ways of

Fig. 10. Effects of external size and internal disorder on deformation morphology. SEM images showing the deformation morphology of pure Al ((a) and (b)), Al-Sc cluster ((c)
and (d)), Al-Sc precipitate ((e) and (f)), and Al-Cu-Sn ((g) and (h)) micro-pillars with diameter of 1000 nm ((a), (c), (e), and (g)) and of 3500 nm ((b), (d), (f), and (h)).
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Schmid's law [56]. (ii) On the contrary, in 3500 nm-sized Al-Cu-Sn
micro-pillars, more uniform plastic deformation is found, with
barrel-like deformation morphology. The large size allows signifi-
cant dislocation motion before annihilation at free surface [55,57]
and so dislocation sources to be activated within the bulk on
multiple slip planes [49]. 3D Dislocation networks are formed,
leading to the uniform plastic deformation associated with mild
fluctuations and radial dilation under compression (see Fig. 10h).
(iii) In the pure Al micro-pillar with a large diameter of 3500 nm
(Fig. 10b), plastic deformation is still concentrated on a single slip
plane, as, in the absence of disorder, dislocations can easily escape
to be annihilated at free surfaces.

The isotropy of deformation can be interpreted as a qualitative
measurement of the frequency of dislocation intersections and
entanglements. The correlation between isotropy and mildness
hints towards their common origin that one can associate with the
hindering of avalanches and the prevalence of short-range
interactions.

5.3. Brief summary

The presented correlations reveal complex dependence of
dislocation dynamics on sample size, disorder and crystal sym-
metry. Wild plasticity is rooted in anisotropy [10]: in small-sized
pure crystals, symmetry is compromised by surface effects and
they usually exhibit a single slip flow (Fig. 10) even when multiple
slip planes are active in bulk samples [49]. Induced anisotropy can
be also related to the smaller role played by short-range in-
teractions among dislocations due to the practical absence of locks,
junctions, etc. In particular, the probability of mutual dislocation
reactions, resulting in entanglements and immobilization, di-
minishes with the sample size [14], and the size-induced high yield
stress can compromise their stability [53]. This weakens the role of
the self-induced dislocation microstructure, which suppresses
intermittency in high symmetry bulk materials [10].

The intriguing link between the mild-to-wild transition and the
transition from the regime of forest hardening to the regime of
source-exhaustion hardening (Fig. 7a and b) indicates that a ma-
terial becomes mild when forest hardening is favored. Our analysis
of disordered samples supports these findings, suggesting that the
high-strength defects can mimic forest dislocations by quenching

avalanches [22] while simultaneously strengthening the material
(Fig. 3a). The disorder impedes dislocations from reaching free
surface sinks and facilitates entanglements, making plasticity more
isotropic (i.e. multi-slip, Fig. 10) and promoting forest hardening
(Fig. 9). The data collapse suggests that both hardening-related and
fluctuations-related transitions are controlled by the competition
between the external scale L and the internal scale l which can be
quantified in terms of a single nondimensional parameter R ¼ L=l
(Fig. 7).

The identified correlations involving strain hardening mecha-
nisms, deformation morphology and fluctuation behavior suggest
new intricate links between these seemingly unrelated
phenomena.

6. The model

Our experimental results find a simple interpretation in the
framework of a mean field model for the density of mobile dislo-
cations rm, first introduced in Ref. [10]. We assume that the dislo-
cation dynamics under constant stress can be described by the
stochastic equation:
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Here the time-like parameter g is the average shear strain, A>0
is the net nucleation rate (which takes into account a negative
contribution from surface annihilation), C >0 is the rate of mutual
annihilation/immobilization of the dislocation pairs. While this
deterministic part of the model is rather conventional, the sto-
chastic term in Eq. (4) requires some explanation. We assumed that
long range stochastic interactions can be implemented in the form
of a multiplicative mechanical noise described by the last term in
the right hand side of (4). We denoted by xðgÞ the standard white
noise with zero average and delta type correlations hx gð Þ i ¼ 0,
hxðg1Þxðg2Þ i ¼ dðg1 " g2Þ. This noise with intensity D describes
fluctuations experienced by a representative volume due to in-
teractions with the rest of the system. Similar approaches, relying
on the idea of ‘mechanical temperature’ as a description of the
fluctuating local stress, have been used in the modeling of athermal
amorphous plasticity [58] and in the representations of crystal
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•  What should be the threshold distribution of the stochastic 
model? 

•  What is the size of the Representative Volume Element? 
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FIG. 9. Statistics of the stress sequence ⌧

(i) for TCDDD sim-
ulations of di↵erent system sizes.
(a) Cumulative distribution �(1) of the first activation stress
⌧

(1). Inset: data collapse obtained by plotting �(1) as a
function of ⌧L

1.15. The curves can be fitted by a Weibull-
distribution with shape parameter � ⇡ 1.4± 0.05.
(b),(c) Average and STD of the external stress ⌧

(i) at the
ith avalanche for di↵erent system sizes. For su�ciently large
system sizes, the data are consistent with Eqs. (9) and (10)
(solid lines) with � = 1.4± 0.05 and ⌘ = 1.6± 0.1.
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1. Average stress-strain curve

Figure 3(a) plots the average stress-strain curves ob-
tained by the SCPM simulations at di↵erent system sizes
and for di↵erent values of the exponent �. The curves
were obtained by the following method: for a given strain
value � the assigned stress value h⌧i is the average of
the stress values measured in individual simulations at
�. This procedure was repeated for di↵erent � values to
obtain the whole average stress-strain curve. It is seen
that the microplastic regime is described by a power-law,

h⌧i(�) = ⌧

1

�

↵ (7)

over several decades where ⌧
1

is a constant prefactor and
the exponent ↵ depends on the value of the Weibull pa-
rameter �. The fitted values of ↵ are summarized in
Table I. It is interesting to note that the curves do not
exhibit a clear sign of size e↵ects: For a given � the
values obtained for di↵erent L overlap and therefore, no
L-dependence was included in Eq. (7). For plastic strains
� & 1 the stress saturates and the system enters a con-
tinuously flowing state.

Figure 3(b) shows the role of the two other parameters
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pl and ⌧

w

. As seen, the average stress-strain curves
do depend on the specific choice, but according to the
inset, a scaling collapse in terms of the coupling constant
I can be obtained if stress and strains are rescaled by ⌧
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and ��

pl. At low stresses/strains, the curves exhibit a
power-law regime which only depends on the parameter
�.

〈t
〉

g

g
0.7

g
1

g
0.5

L = 8

L = 16

L = 32

L = 64

L = 128

L = 256

L = 512

10
-4

10
-3

10
-2

10
-1

10
0

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

〈t
〉

g

g
0.7

g
1

g
0.5

b = 1

b = 1.4

b = 2

10
-4

10
-3

10
-2

10
-1

10
0

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

(a)

10
-2

10
-1

10
0

10
1

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

10
3

〈t
〉

g

Dg
pl

= 1/4, tw = 1
Dg

pl
= 1/8, tw = 1

Dg
pl

= 1/16, tw = 1
Dg

pl
= 1/32, tw = 1

Dg
pl

= 1/64, tw = 1
Dg

pl
= 1/2, tw = 2

Dg
pl

= 1, tw = 4
Dg

pl
= 2, tw = 8

10
-3

10
-2

10
-1

10
0

10
-4

10
-2

10
0

10
2

g
0.7

(〈
t

〉/
t

w
)⋅

I
-0

.3
2

(g/Dg
pl

)⋅I
-0.46

(b)

FIG. 3. Average stress-plastic strain curves obtained by the
SCPM with di↵erent choices of the parameters. In every
case for small strains they follow a power-law, then satu-
rate. (a) E↵ect of the shape parameter �. The power-law
region is consistent with the h⌧i = �

1/�⇣ relation predicted
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�0.7
, x � 1.

2. Fluctuations in the plastic response

Although the averaged stress-strain curves are smooth,
the stress-strain curves corresponding to individual re-
alizations are staircase-like and di↵er from each other.
Here we investigate the cumulative distribution of
stresses �

�

(⌧) measured at a given strain � for di↵erent
realizations. The wider this distribution is, the larger
the scatter of stress ⌧ among the individual realizations.
Macroscopic bodies are characterized by a well-defined
and smooth stress-strain curve, so for large systems one
expects shrinking of the distribution width. Indeed, as
seen in Fig. 4 for all strains � the measured �

�

(⌧) curves
tend towards step functions as the system size increases.
Since there is only a negligible size e↵ect in the aver-
age stress-strain curve, the stress-strain response of an
infinite system must be equal to h⌧i(�), therefore, the

Shape parameter: 

•  Number of links: 
•  Average stress increment:  
•  Average strain jump:  
•  Local yield thresholds are correlated 
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•  EOM: 

•  El. energy: 

•  Initially 

         , where 

[Derlet, Maass, PRE (2016)] 

ẋi(t) = si

2

4
⌧

ext

+
X

j 6=i

sj⌧xy(ri(t)� rj(t))

3

5 =: fi(t); ẏi(t) = 0
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•  Dyn. matrix: 

•  Eigenmodes:  
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•  When one eigenvalue 
gets negative the 
satability analysis 
breaks down → event 

•  The displacements are 
proportional to the 
given eigenvector �� = ⌧
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•  Wide distribution of eigenvalues 

•  Participation number:  

•  Large number of soft modes with large number of participant 
dislocations 
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•  N = 256 
•  Linear loading: 

•  Color code: PN 
•  Small event 
•  Invloves a single 

dislocation 
dipole 

•  Close to 
instability: 
fold catastrophe 
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Figure 16: Loading simulation 00580: Plot of a) dislocation speed versus stress, b) disloca-
tion configuration prior to instability with dislocation coloured according to the unstable
eigenmode, c) lower end of eigenvalue evolution as a function of stress colored according
to participation number, d) same as d) but the very lowest eigenvalues with a square root
function indicating fold catastrophe. Note the rearrangement of eigenvalue structure and
that it corresponds to small events that are detected in the dislocation velocity signal.
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Increasing 
stress 
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Figure 18: Loading simulation 00431: Plot of a) dislocation speed versus stress, b) disloca-
tion configuration prior to instability with dislocation coloured according to the unstable
eigenmode, c) lower end of eigenvalue evolution as a function of stress colored according
to participation number, d) same as d) but the very lowest eigenvalues with a square root
function indicating fold catastrophe. Here the unstable mode is clearly less-localized.

20

•  Large event 
•  Invloves ~40 

dislocations 

•  Close to 
instability: 
fold catastrophe 
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Color code: 
Fourier weight 
corresponding to 
wavelenghts 
kx = 2πn/L 

(a) (b)

(c) (d)

Figure 12: Scatter plot of eigenvalue versus participation number with data points colored
according to their Fourier weight corresponding to wavelengths of k

x

= 2⇡n/L with L = 1
and a) n = 1, b) n = 2, c) n = 4 and d) n = 8.
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•  Quenched pinning points 
with short-range potential: 

•  Nr. of pinning points: Nvac 
•  Relaxation from random 

initial state 
•  Power-law decay 
•  Cut-off time: tc 
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Without pinning 
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•  Dynamical matrix describes local heterogeneities of the 
energy landscape 

•  Transition from extended to depinning-like criticality 
•  Opens new possibilities to understand system dynamics: 
•  Exploring relevant internal length scales through dynamical 

correlations 
•  Long- and short-range, RVE in stochastic modelling 

•  Predictions of avalanches 
•  Local yield threshold distribution 
•  Additional effects: Peiers-stress (friction) or multiple slip systems 
•  Can be generalized to 3D systems 


