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•  Large stochastic fluctuations arise 
during the deformation of small (few 
um) crystalline samples 
•  Makes predictable deformation 

impossible 

•  Power-law distributions characterize 
intermittency 

•  The question of universality is still 
open 
•  What physical processes affect the 

critical behaviour and how? 

The stress–strain curve (Fig. 2) of the LAGB pillar is
dominated by a higher yield strength, stronger hardening
and smaller load drops compared to the corresponding sin-
gle-crystalline pillars. The most apparent reason for the
strength increase of 19–41% at 1% strain is the reduction
in source size in the component grains through truncation
hardening. It should be noted that the evaluation of yield
strength in micromechanical samples is influenced by the
strain at which it is analyzed. Since an evaluation at 0.2%
strain as for macroscopic samples is not sensible due to

the lack of accuracy in micromechanical tests, we per-
formed our measurements at 1% strain. As discussed in
the Introduction, the use of a constant size effect exponent
for the strengthening power law is controversial; however,
to obtain an estimate for the increase in yield strength, the
phenomenological scaling law by Dou and Derby [20] and
the source activation stress formula by Rao et al. [18] were
used. Rao et al. calculated the critical resolved shear stress
of double-ended and single-ended dislocation sources of
30! mixed type with varying lengths from 233 to 933 Bur-
gers vectors and fitted the simulation data with the follow-
ing equation:

sðLÞ ¼ kG
lnðL=bÞ
ðL=bÞ

ð2Þ

Here L is the source length, G the shear modulus, b the
Burgers vector and k a constant with values of 0.06–0.18
for single-ended to double-ended sources. Since the

Fig. 3. SEM micrographs of micropillars after compression; the CTB is nearly parallel to the viewing direction going from top to bottom of the pillar. (a)
Compression sample of grain 1. (b) Bicrystalline pillar containing a CTB that is comprised of grain 1 and grain 2. It can be clearly seen that the slip steps of
both grains meet perfectly along a straight line, the CTB. (c) Compression sample of grain 2.

Fig. 4. Side view of the deformed bicrystalline pillar from Fig. 3b. The
CTB runs from left to right through the top surface of the pillar and is
nearly parallel to the viewing plane. Both grains are displaced simulta-
neously into the same directions parallel to the image plane.

Fig. 5. Engineering stress–strain curve of the single-crystalline compres-
sion samples of grain 1 (gray), grain 2 (black) and the bicrystalline sample
containing a CTB (green). (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
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•  Intermittency in experiments on crystalline plasticity 
•  Acoustic emission 
•  Micropillar experiments 
•  Nanoindentation pop-in events 

•  Simulations 
•  Discrete dislocation dynamics 
•  Stochastic models 

•  Simple 2D dislocation model 
•  Anomalous system size behaviour 
•  Extended cryticality 



Dislocations 
•  Linear lattice defects 
•  Carriers of plasticity 
•  They move due to shear stress 
•  They generate long-range shear 

stress field: 

•  Complex spatio-temporal 
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•  Multitude of observed dislocation 
patterns 
•  Fractal, periodic, etc. 
•  Crucial impact on plastic properties 
•  May lead to strain localization and 

failure of the material 
H Mughrabi, F Ackermann, K Herz, STP675, 1979 
H Mughrabi, T Ungár, W Kienle, M Wilkens, Philos Mag, 1986 
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During the later stages of plastic deformation, strain hardening of face-centered cubic metals goes
along with the formation of cellular dislocation patterns appearing on various scales. The paper presents
an analysis of the fractal geometry of these dislocation structures. A theoretical model is presented
according to which dislocation cell formation is associated with a noise-induced structural transition far
from equilibrium. The observed fractal dimensions are related to the stochastic process of dislocation
glide, and implications for quantitative metallography are discussed. [S0031-9007(98)07147-6]

PACS numbers: 62.20.Fe, 05.40.+ j, 61.72.Ff

The performance of solid materials is usually affected by
the presence of defects: point defects, dislocations, cracks,
and phase and grain boundaries. In some cases classi-
cal methods of materials characterization (e.g., in terms of
mean particle size, average dislocation density, etc.) fail
to describe properly defect microstructures which exhibit
features of both randomness and heterogeneity. Owing
to a high degree of disorder on various scales, stochas-
tic methods are then needed to characterize and, possibly,
predict and control the structural features. Fractal analy-
sis then provides a tool to account for multiscale behavior
and, hence, to address the important question of how the
macroscopic properties of a material relate to its micro-
scopic defect structure, e.g., the particle size distribution
of dispersion strengthened materials or the arrangement of
grains in multiphase materials [1]. In the present work,
fractal analysis is applied for the first time to deformation-
induced dislocation cell structures which are characterized
by a hierarchy of mesoscopic scales (ranging from say 0.1
to 10 mm) [2]. The results are interpreted in terms of a
stochastic dislocation dynamical model of cell formation.
The flow stress of metals deforming plastically by dis-

location glide is governed by dislocation-dislocation inter-
actions [3]. During deformation dislocations accumulate
in the crystal which gives rise to work hardening. At the
same time cellular dislocation patterns may develop spon-
taneously. These patterns consist of dislocation-rich “cell
walls” separating dislocation-depleted cell interiors. Al-
though the actual aspects of the cell structures depend on
various extrinsic (e.g., strain rate, temperature, crystal ori-
entation) and intrinsic (crystal structure, stacking fault en-
ergy, chemical composition) parameters, the propensity to
dislocation patterning and its relation to work hardening
are common to various materials.
Figure 1 shows a transmission electron micrograph of a

cellular dislocation structure in a Cu single crystal de-
formed in tension. One notes the absence of a well-defined
scale, as cells of various sizes appear. Obviously, the aver-
age cell size that is usually referred to in the metallurgical
literature is not representative of this microstructural mor-
phology. To verify the fractal nature of these structures,

Cu single crystals are considered after tensile deformation
along a f100g axis, i.e., a symmetric multiple slip orien-
tation leading to isotropic dislocation structures [5]. The
crystals had been deformed at room temperature (strain rate
5 3 1025 s21) to stresses (resolved shear stress in the ac-
tive slip systems) text ≠ 37.3, 68.2, and 75.6 MPa, and
micrographs taken from sections parallel and normal to the
tensile axis [6]. In addition, comparable micrographs from
the literature have been considered (Cu f100g deformed to
text ≠ 52 [7], 67 [7], and 75.6 MPa [4]).
The micrographs were digitized to obtain binary maps

of the cell walls (“black”) and cell interiors (“white”). To
estimate the fractal dimension, the box-counting method
was applied: For grids of square boxes with edge length
Dx, the number NsDxd of boxes containing at least one
pixel of a cell wall is determined. A relation NsDxd ,
Dx

2DB defines the “box-counting” dimension DB. For
the cell patterns investigated, double-logarithmic plots of
NsDxd 3 Dx

2 vs Dx reveal three distinct regimes (see
Fig. 2): (i) At very small Dx, N , Dx

22, i.e., the slope
of the plot becomes small. This is a consequence of the
areal character of the cell walls which shows up at small
scales. (ii) At intermediate Dx, linear scaling regimes

FIG. 1. Transmission electron micrograph of the dislocation
cell structure of a Cu single crystal after tensile deformation
along a f100g direction at room temperature to a stress of
75.6 MPa. After Mughrabi et al. [4].
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•  Atomic scale 
•  Dislocation reactions and mobility 

•  Dislocation pattern 
•  Scale proportional with ρ–1/2: principle of similitude 

•  Quenched disorder 
•  Precipitates, point defects (solute atoms, vacancies, etc.) 

•  Grain size 
•  Dislocations typically cannot penetrate boundaries 

•  Specimen size 
Comments 
•  Thermal activation is not relevant at low 

temperatures 
•  Dislocation motion is dissipative 

Small scales 
typically 
lead to 

hardening of 
the specimen 



•  Smooth curve for bulk samples 
•  Large number of dislcoations 

•  Microplasticity 
•  Deformation before yield 

•  Work hardening 
•  Dislocations may multiply, 

annihilate and react during  
deformation 

•  Pattern formation 



•  Torsion of Cu (fcc) and Zn (hcp) tubes 
•  Deformation sensitivity: 10-9 

R.F. Tinder, J. Washburn, Acta Metall. (1964) 
R.F. Tinder, J.P. Trzil, Acta Metall. (1973) 
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Fro. 2. Macro-plot of stress plastic strain behavior for a 
basally oriented specimen grown from 8 hard-grephite- 

mold spheriaal seed. 

magnitude of the millimicroplastic bursts and the 
frequency of their occurrence generally increased 
with increasing stress to the limit of stressing. A 
second insert in Fig. 2 shows a burst of about lo-’ in 
strain magnitude near the limit of stressing. A 
loading relaxation minimum is shown to have been 
produced due to the short duration (fraction of a 
second) over which the burst event took place. 
Many other such relaxation minima, but smaller in 
magnitude, were observed at recorded resolution. 

12 

IO 

Greatly increased plastic flow and extensive 
millimicroplastic burst activity dramatically char- 
acterize the stress-strain behavior of basally oriented 
specimens that were produced from spherical seeds 
grown in soft graphite molds. The macro-plots for 
two such specimens are shown in Fig. 3. The encircled 
regions, shown blown up to recorded resolution 
(before reduction for publication) in Figs. 4 and 5, 
respectively, reveal burst activity typically observed 
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FIG. 4. Stress-plestic strain behavior of basellv oriented 
specimen No. 3 8t recorded resolution showing det8iis 
of the millimicroplestic burst activity. Teken from the 

circled region in Fig. 3. 
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FIG. 3. Macro-plots of stress-plastic strain behavior for 
basally oriented specimens No. 1 and No. 3 seeded 
from soft-mold crystels. Circled regions are shown et 

recorded resolution in Figs. 4 and 5. 
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•  Zn single crystal (hcp) 
•  ‘the strain curve of zinc crystals is not smooth, but consists of 

individual more or less sharp cracks’ 

[Becker, Orowan (1932)] 

570 R. Becker und E. Orowan, 

passenden NulllJunkt aus gemessen, die Kraft an; w~hrend des sprunghaften 
Fliel3ens bleibt namlieh die untere Passung des Kristalls lest (sie wird 
nur beim Anspannen gesenkt), so dal~ die Durchbi%ung der Kra~tmel~feder 
gleiehzeitig die Kraft und die L~nge des Kristalls darstellt. (Nullpunkte 
bzw. absolute Bemal3ung sind in den Figuren nicht angegeben; gegeniiber 
der ablichen Auftragungsweise tier Dehnungskurven ist oben and unten 
vertauseht: nach oben bin nimmt die L~nge des. Kristalls zu, w~hrend 
die Kraft gleichzeitig abnimmt.) 

Wie Fig. 2 zeigt, ist die Dehnungskurve nicht glatt, sondern sie besteht 
aus Treppen, die plStzlich losgehende Sprimge beim Fliel]en darstellen. 

Fig. 2. Sprunghafte Dehnung eines Zinkkristalls bei 800 C. 

Die mittlere HShe dieser Treppen/~ndert sieh w~hrend tier Dehnung nioht 
merklieh; die Verflachung der Dehnungskurve bei abnehmender Spannung 
entsteht nur dadureh, dab die Sprange seltener werden. Da die FlieB- 
gesehwindigkeit an tier FlieBgrenze mit zunehmender Spannung ~iuBerst 
raseh ansteigt, so maB dasselbe auch far die sekundliehe Zahl tier Sprange 
(far die ,,Sprungh~ufigkeit") gelten, l~it fortsehreitender Dehnung des 
Kristalls entspannt sieh die KraftmeBfeder; die SpaImung sinkt und die 
Sprt~nge werden bald so selten, dab der Kristall 1Kinuten oder aueh Stunden 
hindureh vollkommen regungslos beharrt, bis dann der n~ehste Sprung 
erfolgt. DaB es zu jeder noeh so kleinen Spannung eine endliehe, wenn 
aueh /iuBerst kleine Sprungwahrseheinliehkeit gibt, ist tier Ausdruek 
der bekannten Erfahrungstatsaehe, dal] auoh bei kleinsten Spannungen 
noeh minimale plastisehe Deformationen erfolgen, dab also strenggenommen 
eine Elastizit/itsgrenze nieht existiert. 

Besonders naeh l~ngerer Ruhe hinter einem Sprung (wenn also tier 
naohste Sprung ,,f/~llig" ist) wird die Empfindiiehkeit des Kristalls gegen 

~ber sprunghafte Dehnung von Zinkkristsllen. 569 

15 ram, HShe 30 ram, Brennweite etwa 2,5 m, hergestellt von S~einhei!  
in Manchen); das andere Ende der Blattfeder tr~gt einen ebenen Spiegel 
von 80 ram Breite und ebensolcher ttShe. Beide Spiegel sind oberfl~chen- 
versflbert. Die Woiframpunktlampe w beleuehtet den 1/4omm weiten 
horizontalen Spalt s; die vom Spalt kommenden Strahten werden zwischen 
dem ebenen und dem Hohlspiegel zweimal hin und her reflektiert nnd fallen 
dann auf die mi t  photographisehem Negativfilm (Rollfilm -r 12,5 em 
Breite) besparmte Registriertrommel t, die yon einem stark untersetzten 
Elektromotor langsam gedreht wird. Der Spalt s wird. yore Hohlspiegel 
auf der Trommel abgebilde~; die Entfernung zwischen Spalt sad Spiegel 

?u 

s 

Fig, 1. Die Versuchsanordnung.  

war etwa 4 m, die zwisehen Spiegel und Trommel ][0,5 m. Um auf der 
Trommel einen lichtstarken und scharf schreibenden Lichtpunkt zu er- 
halten, wurde das Bild des Spaltes dureh eine unmittelbar vor der Trommel 
angebrachte kurzbrennweitige Zylinderlinse in-"der Horizontalebene zu 
einem Punkt yon weniger Ms 1/1 o mm Breite zusammengezogen; die L~nge 
tier Zylinderlinse entsprach der HShe der Trommel. Der Durehmesser 
der Trommel war 18 cm; ihre Aehse war oben in einem Gewinde gelagert, 
so daft sie sich bei jeder Umdrehung um 1,5 ram gehoben hat; dadurch 
wurde vermieden, daft bei l~ngerem Stillstand der Dehnung die Linie in 
sich zurtxcklief. 

Die VergrSftertmg (Verh~ltnis der Ordinate der aufgenommenen 
Dehnungskurve zur entsprechenden Dehnung des Kristalls) war 8160faeh. 

In den photographisch registrierten Fig. 2 und 3 ist die Zeit Abszisse, 
die L~nge des Kristalls Ordinate. Aufterdem gibt die Ordinate, von einem 



•  Detection of acoustic waves on 
the surface using a piesoelectric 
detector 
•  The detected signal is characteristic 

to the source as well as the detector 
•  The distance of the source matters 
•  Burst-like vs. continuous signal 



•  Creep of ice (less than 0.1 MPa) 
•    

•  τE ≈ 1.6 (signal energy)
•  τA ≈ 2.0 (signal amplitude) 
•  No cut-off 
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•  With more (4) detectors the 
origin of the acoustic signal 
can be located 
•  They originate from a fractal 

sub-domain: D = 2.5 

[Weiss et al., Science (2003)] 

acoustic events were recorded during this tertia-
ry creep. In agreement with previous results (7),
a power law distribution of energies was ob-
served over more than five orders of magnitude,
with an exponent ! " 1.6. The plastic anisotropy
of ice, coupled with the applied boundary con-
ditions and the inclination of the basal planes,
induced bending moments. In polycrystalline
ice, such bending moments are relieved by lat-
tice curvature, followed by the formation of
subboundaries and kink bands, which consist of
dislocations grouped in walls perpendicular to
the basal planes, and by a rotation of the basal
planes toward the compression axis (15). This
mechanism, called continuous recrystallization,
leads to the formation of new grains. A similar
mechanism was observed during our experi-
ment, with a rotation of the basal planes from
11° to 4° from the compression axis, and with
the nucleation of two new grains at both ends of
the sample at the end of the test. As expected,
the grain boundaries were perpendicular to the
initial basal orientation.

The location of the AE sources was comput-
ed from the arrival times of a wave at five
transducers, in a way similar to that employed to
locate microcracking events in rocks (16, 17).
The time resolution of the recording device was
0.1 #s, leading to a lower bound for the spatial
resolution of 400 #m. Only the dislocation ava-
lanches that were detected by the five stations
were located; that is, essentially the largest ones.
This filtering happened homogeneously in time
and in space. A vertical and a horizontal projec-
tion of the located hypocenters show (Fig. 1) (i)
a clustering of dislocation avalanches on the
vertical projection along a direction perpendicu-
lar to the slip (basal) planes, in agreement with

the formation of kink bands, which will eventu-
ally organize into new boundaries; (ii) a migra-
tion of the avalanches along this direction, char-
acterized by a pointlike symmetry around the
center as the crystal creeps; and (iii) a possible
preferential alignment of the avalanches on the
horizontal projection, especially for the first 300
events (red dots in Fig. 1). The migration of the
AE hypocenters [observation (ii)] might be re-
lated to the crystal rotation and the buildup of
kink bands. An analysis of the 3D spatial orga-
nization of the dislocation avalanches was per-
formed by means of a correlation integral anal-
ysis (Fig. 2). Within a scale range limited toward
small scale by the spatial resolution threshold

and toward large scale by a finite size effect
(sample diameter " 52.3 mm), we observed a
scale-invariant spatial distribution of avalanche
locations with a correlation dimension D "
2.5 $ 0.1. Whereas observations (i) and (ii)
listed above are linked to the bending moments
induced by the boundary conditions, this scale-
invariant emerging structure results from the col-
lective dislocation dynamics that self-organize
into a scale-free clustered pattern of avalanches.
This picture completes the static observations of
scale-invariant dislocation structures (2, 3) as
well as the scaling properties in terms of dissi-
pated energy (7). This suggests a dislocation
system in a close-to-critical state within a mate-

Fig. 1. 3D mapping of dislocation avalanches during creep of an ice
crystal: (A) vertical and (B) horizontal projection of the hypocenters. A
uniaxial compressive stress %11 of 1.1 MPa was applied to the cylindrical
sample (length " 86.5 mm, diameter " 52.3 mm), which led to a
resolved shear stress on the basal planes of 0.21 MPa. The temperature
was –10°C. Hypocenter locations were obtained from the arrival times at
five acoustic transducers, using a constant wave velocity of 3950 ms&1.
The frequency bandwidth of the transducers was 0.1 to 1 MHz, and the

amplitude range between the minimum and maximum recordable
thresholds was 50 dB. The hypocenters, which are concentrated on the
vertical projection along two bands perpendicular to the slip planes, have
been colored as a function of their occurrence rank within the sequence
of events. This reveals a migration of the avalanches, because the first
events are preferentially located in the upper right and lower left corners
and the last ones are in the upper left and lower right corners of the
vertical projection.

Fig. 2. Correlation inte-
gral analysis of the hy-
pocenter locations (cir-
cles). C(r), which is the
probability of two loca-
tions being separated
by less than r, scales as
C(r)' rD, with a corre-
lation dimension D "
2.5 $ 0.1 (circles) over
about 1.5 orders of
magnitude. A similar
analysis was also per-
formed for the same
number of locations
randomly distributed (a
Poisson distribution)
within the cylinder
(crosses), which gives
D" 2.9$ 0.1, which is
in agreement with the theoretical expected value of 3. This demonstrates that the clustering of
dislocation avalanches revealed by the correlation analysis is not affected by the size or the shape of the
sample. Scaling analysis is limited toward small scales by the resolution threshold that induces an
identical localization for several hypocenters, and therefore an artificial clustering, whereas a finite size
effect is visible toward large scale.
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induced by the boundary conditions, this scale-
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lective dislocation dynamics that self-organize
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was –10°C. Hypocenter locations were obtained from the arrival times at
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•  Polycrystalline ice 
•  Cutoff decreasing with grain size 
•  Bimodal distribution due to secondary 

triggering across boundaries 

[Richeton, Weiss, Louchet, Nat. Mater. (2005)] 
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of a source mechanism. Following previous work14, the amplitude of 
the acoustic wave for dislocation avalanches reads:

   

 

A(t) =
3cT

2

4πcL

3cT
2

4πcL

ϕb
D2

ϕb
D2Lv =

dS

dt( (
where cT and cL are respectively the transverse and longitudinal 
wave velocities, φ is the material density, b the Burgers’ vector, 
D the source–transducer distance, L the total dislocation length 
involved in the avalanche, and v the dislocation velocity (averaged 
over L). The quantity dS/dt = Lv is therefore the area swept per 
unit time by dislocations. When multiplied by b and normalized 
by a volume, this term represents a strain rate, dε/dt. An additional 
hypothesis is needed to estimate the strain increment dissipated 
by the avalanche. We assumed an exponential decay for the 
avalanche velocity, and therefore for the equivalent strain rate, 
dε/dt ≈ (dε/dt)0 exp(–α(t – t0)). Then an integration of equation 
(1) over time gives

   
         

3cT
2

4πcL

ϕα
D2 Sb A0 = 

Normalized by a volume, the term Sb represents a strain increment, 
whereas α is a damping coeffi cient. This decay hypothesis is 
supported (i) by the observed decay of A(t) when the complete 
acoustic emission waves were recorded (during a single test), (ii) 
by the output of the DDD model detailed elsewhere2, (iii) by good 
agreement between global acoustic emission activity and global 
deformation15, and (iv) by a scaling of δ ∝ ln(A0) that allows us to 
estimate the damping coeffi cient α (see Methods).

In single crystals of ice, collective dislocation dynamics self-
organize into a scale-free pattern of dislocation avalanches characterized 
by intermittency with power-law distributions of avalanche sizes, 
P(A0) ∝ A0

–τ, the exponent τ = 2.0 ± 0.05 being independent of the 
driving stress2. Recent experiments revealed that τ is also independent 

of temperature16. This confi rms the high degree of universality of the 
observed scaling, reminiscent of a critical behaviour.

Plasticity in polycrystalline samples is also characterized by 
intermittency and dislocation avalanches, despite a signature that 
signifi cantly differs from the single-crystal scaling in two ways 
(Fig. 2a): (i) the observed power-law exponent, still independent of 
driving stress and temperature, is signifi cantly smaller and independent 
of the average grain size; and (ii) a cut-off of this power-law scaling 
is observed towards large amplitudes. Note that for the fi nest-grained 
sample (〈d〉 = 260 μm), the power-law regime is not really observed, 
as the cut-off is noticeable down to small amplitudes, near the 
amplitude threshold. The cumulative distributions of avalanche size 
can be fi tted by the empirical relation P(>A0) ≈ A0

–β exp(–A0/Ac), with 
β = τ – 1 = 0.35 ± 0.05. The cut-off function introduces a characteristic 
scale Ac that can be linked to the microstructural characteristic scale, 
that is, the average grain size, 〈d〉. The smaller the grain size, the smaller 
the cut-off amplitude. As deduced from a fi tting procedure, Ac scales 
as 〈d〉2.4±0.3 (Fig. 3). In the case of coarse-grained samples with bimodal 
distributions of grain sizes, we observed a broken slope in the power-
law regime: an exponent β = 1 (that is, τ = 2, the signature of single 
crystals) is recovered at small amplitudes whereas β = 0.35 is observed 
at larger scales (Fig. 2b).

The grain-size effect documented on Figs 2 and 3 illustrates the 
role of grain boundaries as barriers to the dynamical propagation of 
dislocation avalanches, and arises from the total dislocation length 
L that can be involved in the avalanche (equation (1)). On average, 
L cannot be larger than the dislocation length that can be mobilized 
for dislocation motion within a grain. We found that this quantity 
scaled as 〈d〉2.4. Grain boundaries are also more directly a barrier 
to dislocation propagation, as evidenced by a comparison between 
avalanche durations in single crystals and polycrystals (Fig. 4). For 
a given amplitude A0, which is from equation (1) a proxy of the 
initial avalanche spreading rate (dS/dt)0, δ is, on average, smaller in 
polycrystals than in single crystals, and decreases with decreasing 
grain size. In other words, the smaller the grain size, the quicker the 
avalanches are damped. Moreover, this difference between single and 
polycrystals increases with increasing amplitude A0: that is, the effect 
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Figure 3 Grain-size effect on the dislocation avalanche sizes. Closed circles: 
relationship between the cut-off amplitude Ac of the probability distribution of avalanche 
sizes and the average grain size 〈d〉. In a log–log plot, a linear regression gives a slope 
of 2.4 ± 0.3, meaning that Ac ∝ 〈d〉2.4. We checked from Monte Carlo simulations 
that this scaling was not biased by the use of cumulative distributions (Fig. 2) to 
estimate Ac. Open circles: relationship between the ratio Ac/α, which is a proxy of the 
‘strained volume’ Sb (see text for details) and the average grain size 〈d〉. A scaling 
Ac/α ∝ 〈d〉3.0±0.2 is observed. Error bars represent one standard deviation.
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Figure 4 Avalanche durations in polycrystals. Ratio between the average 
duration of an event of amplitude A0 in polycrystals and in a single crystal, as a 
function of A0. Closed symbols: 〈d〉 = 5.02 mm; applied stress 0.54 MPa. Open 
symbols: 〈d〉 = 1.92 mm; applied stress 0.55 MPa. The average duration of an 
event decreases with decreasing average grain size, and the ratio decreases with 
increasing amplitude A0. Error bars represent one standard deviation.
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such as migration recrystallization, take place. This situation was 
not relevant in the present case, owing to the timescales involved. 
Moreover, we checked that the microstructure and the average grain 
size of our samples were the same before and after testing.

In this paper, we address the following question: will the 
scale-free, close-to-critical dislocation dynamics still apply to 
polycrystals? Grain boundaries acting as barriers to dislocation 
motion might indeed hinder large-scale propagation of dislocation 
avalanches, and mechanisms specifi c to polycrystals, such as grain-
boundary-related dislocation sources, may modify the emerging 
pattern. To address this question, we recorded the acoustic 
emission during the plastic deformation of ice polycrystals with 
different average grain sizes and different grain size distributions, 
and we compared the statistical data to those obtained previously 
for single crystals2. Even if collective dislocation dynamics 
in single crystals has been successfully modelled by DDD2 or 
phase-fi eld3 simulations, it is doubtful that such simulations 
could be performed for polycrystals without introducing some 
kind of simplifi ed description of grain boundaries. Molecular 
dynamics simulations might indeed allow a correct description of 
interactions between grain boundaries and dislocation avalanches, 
but at a still unreachable computational cost.

We carried out compression creep (constant load) 
experiments on polycrystalline ice samples with an average grain 
size 〈d〉 varying from 260 μm to 5 mm (Fig. 1). These grain sizes 
are large compared with usual grain sizes of structural materials 
such as metals. Fine-grained (260 μm ≤ 〈d〉 ≤ 2 mm) samples 
were characterized by a unimodal, log-normal distribution of 
grain sizes, whereas two coarse-grained samples (〈d〉 = 4.7 and 
5.0 mm) were characterized by large grains (around 10 mm) 
embedded in a matrix of small grains (~1–2 mm). Most 

experiments were done at –10 °C, and one of them at –3 °C, 
much closer to the melting point. The applied stress varied 
between 0.54 and 0.80 MPa, that is, at least a factor of two below 
the threshold stress for microcrack nucleation in granular 
ice13. The applied total deformation ranged between 6 × 10–4 
and 2 × 10–3.

A piezoelectric transducer (frequency bandwidth 0.2– 1 MHz) 
was fixed on the samples. The amplitude range between the 
maximum and the minimum amplitude thresholds was 70 dB, 
that is, 3.5 orders of magnitude. For each event detected above 
the minimum threshold Amin, the acoustic emission system 
determined the maximum amplitude A0, the arrival time t0 and 
the duration δ.

Any acoustic emission analysis needs an acoustic source model 
to interpret the characteristics of the acoustic emission wave in terms 

a b

c d

1 cm

Figure1 Microstructures of the polycrystalline ice samples. Thin sections of four 
ice samples with different average grain sizes observed under cross-polarized light. 
a, Average grain size 〈d〉 = 0.26 mm, b, 0.87 mm, c, 1.92 mm, d, 5.02 mm.

0.01 0.1 1 10
A0 (V)

1

10–1

10–2

10–3

1

10–1

10–2

10–3

β = 0.35

β = 1

0.26 mm, 0.67 MPa
1.05 mm, 0.57 MPa

1.92 mm, 0.54 MPa
Single crystal

P 
(>

A 0)
P 

(>
A 0)

β = 1

β = 0.35

4.70 mm, 0.8 MPa
5.02 mm, 0.55 MPa
Single crystal

a

b

Figure 2 Distributions of dislocation avalanche sizes in polycrystals. 
Cumulative probability distributions for acoustic emission amplitudes in 
polycrystalline samples with different average grain sizes. All the tests were 
done at –10 °C. a, Fine-grained samples. The key shows the average grain size 
〈d〉 and applied compression stress for three samples (closed symbols). Using a 
Levenberg–Marquardt algorithm, these distributions were fi tted by the empirical 
relation P(>A0) ≈ A0

–βexp(–A0/Ac) to estimate the cut-off amplitude Ac. The fi t is 
shown for the sample with 〈d〉 = 1.92 mm; thin black line. The cut-off Ac decreases 
with decreasing grain size, whereas the empirical exponent β is 0.35 ± 0.05 
whatever the grain size. Because of relatively poor statistics (between 800 and 
5,000 avalanches recorded for a test), a cumulative representation was preferred to 
better explore the high amplitudes. We checked from Monte Carlo simulations that 
this representation did not bias our estimation of the power-law exponent τ = β + 1. 
These distributions are compared with a typical cumulative probability distribution 
for a single crystal showing no cut-off and an exponent τ = β + 1 = 2 (open 
circles). b, Coarse-grained samples with bimodal distributions of grain sizes (closed 
symbols). The open circles represent a typical single-crystal cumulative probability 
distribution, given for reference. The distributions show a broken slope between a 
low-amplitude (β = 1) regime, and a high-amplitude (β = 0.35) regime. A limited 
cut-off is detectable only for very large amplitudes.

nmat1393-print.indd   466nmat1393-print.indd   466 10/5/05   3:16:57 pm10/5/05   3:16:57 pm

Nature  Publishing Group© 2005

© 2005 Nature Publishing Group 

 



•  Acoustic signal of fcc 
materials is mostly 
continuous interrupted 
with only few bursts 
•  In fcc materials forest 

dislocations and junctions 
introduce a length scale: 
mild Gaussian fluctuations 

•  In hcp no such scale exists: 
wild power-law fluctuations 

[Weiss et al, PRL (2015)] 

acoustic signal is mainly continuous, reaching its maximum
at plastic yield, with only occasional bursts above this
background [Fig. 1(c)]. During cyclic loading of aluminum
crystals (fcc), the acoustic signal is essentially continuous
and symmetric in tension and compression, hence revealing
its plastic origin. The continuous noise, however, is inter-
rupted by bursts, on average less than 1 per loading cycle
[Fig. 1(d)].
Remarkably, for both classes of crystals, the bursts are

power-law distributed in maximum amplitude, pðA0Þ∼
A−τA
0 , and in dissipated energy, pðEÞ ∼ E−τE (Fig. 2).

The exponents, estimated from a maximum likelihood
method [20], are different for different types of crystals:
for ice τE ¼ 1.40$ 0.03, for cadmium τE ¼ 1.45$ 0.05,
for aluminum τE ¼ 2.00$ 0.05 and for copper and
CuAl alloys τE ¼ 1.54$ 0.08. The average values and
the associated standard deviations were obtained, for each
material, over several tests; in the case of ice, our previous
estimates of τE based on a least-squares fit of data [3] gave
systematically larger values 1.5–1.6. The amplitude A0,
which is a proxy of the strain associated with the avalanche,
scales as A0 ∼ E1=2 [18], meaning that τA ¼ 2τE − 1, i.e.,
τA ¼ 1.8 for ice and τA ¼ 3.0 for Al. Based on the value
of τA, plastic fluctuations in ice can be qualified as wild
with an undefined mean; for aluminum, with the variance
diverging, we are just at the border between wild and
mild fluctuations [21].

In contrast, the continuous AE signal sampled at 5 MHz
is always near-Gaussian independently of the material and
does not display any detectable intermittency or time
clustering, see Fig. 3 and Ref. [18]. This is in agreement
with the classical perspective where plasticity is viewed

FIG. 2 (color online). AE energy probability density functions
for bursts detected during: a uniaxial compression test on ice Ih
[red open symbols; constant stress σ ¼ 0.56 MPa, T ¼ −10 °C,
see Fig. 1(a)], a monotonic tension test on copper (black semi-
open symbols, T ¼ 20 °C, _ϵ ¼ const), and a cycling loading test
on aluminum under uniaxial tension compression [blue closed
symbols, cycles 1 to 2000, see Fig. 1(d)]. The PDFs have been
shifted vertically for clarity.

FIG. 1 (color online). Acoustic power recorded during plastic deformation. (a) Single crystal of ice (Ih) under uniaxial compression
(creep at constant stress σ ¼ 0.56 MPa, T ¼ −10 °C). (b) Cadmium single crystal under monotonic uniaxial tension
(_ϵ ¼ 1.3 × 10−3 s−1, T ¼ 20 °C). (c) Copper single crystal under monotonic uniaxial tension ( _ϵI ¼ 1.9 × 10−2 s−1, T ¼ 20 °C).
(d) Aluminum polycrystal (grain size ∼5 mm) under cyclic uniaxial strain control (ϵmin=ϵmax ¼ −1, Δtcycle ¼ 10 s, Δϵ ¼ 0.95%,
T ¼ 20 °C). Red curves: acoustic power sampled at 1 Hz, unless noted otherwise. Black dashed curves: strain (a) or stress (b), (c), (d).
Blue dotted lines indicate the level of instrumental noise.
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•  Relation between measured quantites and parameters of strain 
bursts somewhat unclear 

•  Time resolution for large samples or large strain rates may be 
a problem. 

•  Clear sign of criticality for bulk samples 
•  Exponents suggest non-universal behaviour for different materials 

•  Internal length scales 
•  No cutoff is detected for single crystals - no information on length scale 
•  System size dependence has not been studied – AE only detectable for 

large samples 
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Figure 1
(a) Schematic of the microcompression test that highlights the spatial relationship of the sample relative to
the primary components of a commercially available nanoindentation system, which are colored in black.
(b) Schematic of the flow response of a microcrystal oriented for single slip. Solid lines represent the initial
microcrystal geometry of diameter D and length L0, and dashed red lines represent the sample after testing.
θ is the angle between the slip plane normal and the load axis, and u′ is the projected offset of the slip planes
after an axial displacement "L. The easy glide of a single-slip-oriented microcrystal is facilitated by the
rotation of the load point through the angle ϕ about a distance point P (for R ≫ L0), which allows the height
of the slip zone h0 to remain constant and relatively unconstrained. (c) Scanning electron microscope (SEM)
image of a 5-µm-diameter microcrystal sample of pure Ni oriented for single slip. (d ) SEM image of panel c
after testing. Adapted from Reference 23, with permission from Elsevier.

systems are well suited for microcompression testing because they typically produce stress-strain
curves with microstrain and submegapascal resolution for micrometer-scale samples (1). The
specific performance parameters for each testing system naturally bound the range of sample sizes
that can be interrogated.
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•  Compression using a nanoindentor 
device 

•  Flat punch diamond tip 
•  The device contains a spring for 

displacement measurement 
•  Machine stiffness comparable to sample 

stiffness 

2.1. Materials selection and preparation

To assess the viability of obtaining single-crystal
properties from small volumes, three different materials
were selected, only one of which is described here. A sin-
gle crystal of elemental Ni, grown from the melt, was ac-
quired from Alfa-Aesar and was annealed at 1000 !C for
24 h in an argon atmosphere. Thin samples which were
oriented for single-slip deformation (surface normal ori-
entation near Æ269æ) were sectioned from the crystal
using a diamond saw. After sectioning, the samples were
mechanically polished to a 6 lm finish, electrolytically
polished, and finally annealed at 500 !C for 1 h in an ar-
gon atmosphere.

Using the FIB system, numerous samples were milled
into the surface of the prepared crystal such that the spec-
imen axial direction was normal to the prepared crystal
surface [32,33]. The sample sizes ranged from 1.0 to

40 lm in diameter. Generally, fewer samples were pre-
pared at the largest sample sizes since the machining time
was dramatically longer for the larger samples (!3 days
for 40 lm samples versus !2 h for 2 lm samples). Each
of these samples was tested in axial compression using
the flattened diamond tip and the nanoindenter. These
data were processed using standard procedures to gener-
ate stress–strain curves as a function of sample diameter.

2.2. Intricacies of the method

Conducting mechanical tests of this type presents a
few challenges. Notable is the difficulty to obtain paral-
lel alignment between the surface of the flat indenter and
the flat top of the specimen for accurate axial loading.
As a part of our now standard practice, the nanoinden-
tation system has been fitted with a goniometric sample
holder to enable more-precise alignment. Using a series
of flat test indents and the standard machine optics, the
goniometer stage may be adjusted to minimize misalign-
ment between the flat indenter tip and the specimen end.

Fig. 2 shows a 2D schematic of the specimen both be-
fore and after testing. From the figure one may observe

Fig. 2. Two-dimensional schematic of the microcrystal compression
testing experiment. Solid lines represent initial microcrystal integrally
fixed to the bulk crystal. Dashed lines represent the sample after
testing. h is the angle between the slip-plane normal and the load axis.
u 0 is the projected off-set of the slip planes after the displacement dL.
Note that because of load-point rotation u, about a distant point P
(relative to L0), the slip-zone height, h0, remains constant with strain
facilitating easy glide.

Fig. 1. Schematic of the microcrystal compression testing experiment.
Black regions in (a) represent the configuration of the commercial
nanoindentation system outfitted with a flat diamond tip. An SEM
image of the 30 lm flat diamond tip is shown in (b). The lower grey
area in (a) represents the microcrystals machined into the surface of a
macroscopic single crystal.

D.M. Dimiduk et al. / Acta Materialia 53 (2005) 4065–4077 4067



•  Zn pillar oriented for 
single slip 

•  Diameter: 8 um 
•  Height: 24 um 
•  Displacment rate: 

10 nm/sec 
•  Sudden activity on 

different slip planes 
(strain bursts, dislocation 
avalanches) 
•  Unpredictable and 

localized both in time and 
space 



•  Size effects: smaller pillars are 
harder 

•  Stochasticity: smaller pillars are 
more random 

D. M. Dimiduk et al., Acta Mater., 2005 



•  Previous investigations 
•  Strain burst sizes are power-law 

distributed: 

•    

•  τ: avalanche exponent 
•  s0: avalanche cut-off 
•  f: cutoff function (e.g.  f(x) = exp(-x) ) 

•  Experimentally measured exponents: 
•  τ ≈ 1.5, 2.0, 1.3 

Dimuduk et al., Science, 2006 
Friedman et al., PRL, 2012 
Zhang et al., EPL, 2012 

P (s) / s�⌧f(s/s0)

tal. For events exceeding the noise threshold,
the displacement magnitude was recorded and
sorted into bins for each sample as well as for
the collective set of samples. A plot of the
number of events at a given displacement mag-
nitude, n(x), versus magnitude x (in nm) for
events isolated from a single sample (Fig. 2)
reveals that a linear regime exists in which the
probability of observing a displacement event
of a given magnitude decreases as the event
size increases. Also shown in Fig. 2 are the
displacements for all of the samples analyzed
collectively. Both data sets demonstrate power-
law scaling. The data were fit to a power-law
expression n(x) 0 Cx–a, producing a measured
value of a 0 È1.5 where C is a constant. This
scale-free flow was observed over a range of

displacements from È0.5 nm to more than
È150 nm per event—more than two orders of
magnitude. Values for a derived from log-log
plots are known to underestimate this parame-
ter. Using alternative approaches as suggested
by Newman (25), we estimated a power-law
slope of 1.60 T 0.02 by a bootstrap method
(29). Note that the value of 1.6 is identical to
that found through acoustic emission experi-
ments (13) and from theory (19). Further, the
scaling relationship is independent of sample
size over the range examined as well as the
gradually increasing stress over the range of the
test (i.e., there is no work-hardening effect for
single slip-plane flow).

Closer inspection of a typical sequence of
events (Fig. 3) shows several important

features of the data. First, the individual events
take place at a rate that is much faster than the
programmed displacement rate of the test.
This demonstrates that dissipation is much
faster than the rate of change of the driving
force. Second, the largest displacement events
typically occur after an increment of the
remote stress. Note that the magnitude of a
stress increment is a vanishingly small per-
centage of the total applied stress. This
observation of Blarge[ events (displacement
shocks) after a small change of driving force
indicates that the system is near critical. Third,
these large events are frequently followed by a
succession of additional displacement events
of much smaller magnitude (aftershocks) that
occur in the absence of further detectable re-
mote stress rise; this suggests self-organization
back to a critical state. Fourth, a post mortem
examination of the deformed samples by
transmission electron microscopy (TEM)
(Fig. 4) shows a substructure containing many
dislocations that is characteristic of those
seen after similar deformation of large Ni
crystals (28, 30, 31). Finally, the displace-
ment-versus-time plots show intervals having
a small positive slope that indicates addi-
tional displacements not accounted for within
the detected bursts. These extra displace-
ments occur even under conditions of no
increase in the applied load, consistent with
these samples exhibiting creep at or near
criticality.

Our data and analysis explicitly show that
crystalline glide in metals exhibits the char-
acteristic attributes of self-organized critical-
ity under the appropriate control of the
driving force (in this case an applied dis-
placement rate or load). These results support
an emerging view that a statistical framework
that creates a coarse-grained description of
dislocation response is needed to bridge the

0

10

20

30

40

50

0                

100 200

18.0 µm

20.1 µm

19.4 µm

21.2 µm

20.4 µm

19.7 µm

0.05 0.1 0.15 0.2 0.25

S
he

ar
 s

tr
es

s 
(M

P
a)

S
he

ar
 s

tr
es

s 
(M

P
a)

Shear strain

Time (s)

25

30

35

40

0

500

1000

1500

2000

2500

3000

Shear Stress

Running Sum of Detected Displacements

300 400 500 600 700

R
unning sum

 of displacem
ents (nm

)

A

B

Fig. 1. (A) Selected shear-stress versus shear-strain curves for Ni samples with b–2, 6, 9À orientation,
È20 mm in diameter, showing intermittency of strain and stress. (B) Plot of shear stress and the
cumulative sum of detected displacements as functions of time for a single sample 19.7 mm in
diameter. See (29) for additional sample data from these and from samples È30 mm in diameter.
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•  Compression of 7 Mo pillars 
•  Diameter: 800 nm 

•  Stress-binned statistics 
•  Scaling function: 
•    
•  Mean field exponents obtained 

[Friedman et al, PRL (2012)] 

800-nm-diameter Au and Mo pillars. The avalanche-size
distribution for Mo is fairly robust from 0.1 to 1 nm=s, but
the magnitude of the fitted scaling exponent of CðSÞ de-
creases at 10 nm=s. Au is much more sensitive to the
prescribed displacement rate: The magnitude of the scaling
exponent of CðSÞ again decreases with the increasing
displacement rate. As discussed in the theory section and
in Ref. [28], at higher driving rates avalanches can overlap
in time, thereby reducing the scaling exponents of CðSÞ.
Note that limited time resolution may also cause ava-
lanches to appear as overlapping in time. Theory predicts
that the amounts by which the exponents change as the
displacement rate is increased depend on the material [28],
as corroborated by our experiments. The results of Fig. 3
for different nominal displacement rates are thus consistent
with the theories of Refs. [2,28].

We also considered the impact of system size on the slip-
size distributions. Sufficiently close to the critical (failure)
stress, the correlation length reaches the system size.
Consequently, the pillar diameter projected onto a shear
slip plane determines the scale of the largest slip events
and, hence, the cutoff of the stress-integrated slip-size
distribution. Figure 4 shows CðSÞ for Cu, for various nano-
pillar sizes compressed at the same displacement rate of
2 nm=s. Although events are few and statistical fluctua-
tions pronounced, the trend of increasing maximum ava-
lanche size with system size is visible in Fig. 4.

Figure 5 shows that the cumulative slip-size histograms
binned in stress also agree with the model’s prediction for
CðS; !Þ of Eq. (1) (see Supplemental Material [14]). The
main figure shows data from four distinct stress bins,
while the inset shows a data collapse using the exponents
"#1¼0:5 and 1=#¼2 predicted by MFT. Stress bins
closer to the critical stress than those shown were not used
in the collapse, in order to avoid finite size effects (since

near the critical stress, the correlation length is capped by
the system size; see Supplemental Material [14]). The inset
shows that the theoretically predicted collapse function
(continuous gray line) falls on top of the experimental
collapse. This reveals that MFT not only predicts the ex-
ponents used for the successful collapse but also predicts the
scaling function [2]. This constitutes the first experimental
validation of a universal scaling function predicted by the
simple MFT model. The collapse also confirms the stress-
integrated power law of #1 for CðSÞ seen in Figs. 2–4.
Discussion.—Recent uniaxial deformation experiments

and simulations provide insight into the physical nature of
dislocation sources, size dependence of material strength,
strain rate sensitivity, and amount of hardening [10–12].
The consensus is that these factors vary greatly between fcc
and bcc crystals and from nano- tomicroscale. The question
emerges whether these differences are also manifested by
the dislocation slip statistics. Our experiments yield a
stress-integrated exponent of "þ # ¼ 2 for the slip-size
distributions, for both bcc and fcc nanopillars with diame-
ters between 75 nm and 1 $m, in agreement with the MFT
prediction. In contrast, previous experiments onMo and Au
[9,15] have reported a size-distribution exponent of 1.5 for
samples ranging in size from 180 nm to 6 $m. Our model
provides a unified understanding of the statistics in all these
cases: (i) The compression experiments of Ref. [15] on
submicron samples were performed at higher effective
compression rates (Fig. 3), where lower exponents can be
explained by the merging of slip avalanches [28]. We

FIG. 4. Stress-integrated cumulative histograms CðSÞ of the
slip size S for various sizes of Cu nanopillars compressed at a
displacement rate of 2 nm=s. Larger pillars have larger maxi-
mum slip events, except for the 125 nm pillars, for which less
data were taken. (For power-law distributions, the largest ex-
pected slip size increases with the total number of slips.)

FIG. 5 (color online). Main figure: Stress-binned cumulative
histogram CðS; !Þ of slip sizes S as a function of applied stress !,
using events from 7 Mo nanopillars, of approximate diameter
800 nm, compressed at 0:1 nm=s nominal displacement rate. The
events from each pillar are normalized according to their re-
spective maximum stress. Inset: Scaling collapse of the same
data, f ¼ ð!c # !Þ=!c # c0, where c0 ¼ 0:14 is an adjustable
parameter that compensates for finite system size (see
Supplemental Material [14]); " ¼ 1:5 and 1=# ¼ 2 (as pre-
dicted by MFT), and the gray function is the predicted MFT
scaling function, gðxÞ & R1

x e#Att#"dt.

PRL 109, 095507 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
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095507-4

scaling- collapse agrees with the MFT predictions for
! ¼ 1:5, " ¼ 0:5, and the scaling function, which contains
more information than the traditionally fitted power-law
exponent ! alone. This collapse thus constitutes a much
more stringent test of MFT, confirming that the slip statis-
tics of plasticity indeed reflect the underlying tuned non-
equilibrium critical point predicted by MFT [1–3], as
explained above. The model also explains our observed
dependence of the slip statistics on compression rate and
system size.

(iii) Universality.—The simple MFT provides a unified
understanding of plasticity at nano- and microscales
[10–12]. In experiments, at first sight, plasticity looks dif-
ferent on these two scales. At nanoscales the lattice struc-
ture matters. For example, the dislocation dynamics and the
criticality slope (defined as the slope of the stress-strain
curve prior to failure [Fig. 1(c)]), depend on the material’s
crystal structure [9–12,18]. Here, we show (a) how MFT
relates these features to the slip statistics and (b) that MFT
applies to all crystal structures on nano- and microscales,
despite the apparent differences observed in experiments.

In summary, we show that MFT provides a unified
explanation for plasticity as a tuned critical phenomenon

under a wide variety of conditions: for pillar sizes ranging
from 75 nm to 1 #m, for strain rates less than or on the
order of 1" 10#4 s#1, for different materials, and for
different crystal structures. It predicts the power-law ex-
ponents and scaling function of the slip-size distributions
and the stress dependence of their cutoffs.
In the following,wefirst discuss themodel predictions and

then compare them to stress-integrated and stress-binned
(i.e., stress-dependent) slip-size distributions measured dur-
ing uniaxial compression of nanopillars for different values
of stress, deformation rate, and pillar size. The analysis tools
and methods [19] applied here to experiments are generally
applicable to a much broader set of future experiments on
plasticity and slip-avalanche statistics [20,21].
Simple MFT model for slow shear.—Our simple coarse-

grained model is described in detail in Ref. [2]. It makes
robust statistical predictions for material deformation given
the following assumptions: (i) A slowly sheared material has
weak spots where slip initiates when the local stress exceeds
a random local threshold stress. (ii) Slip avalanches occur at
length scales that are large compared with the microscopic
structure of the material. (iii) The material is sheared suffi-
ciently slowly so that slip avalanches do not overlap in time.
(iv) The MFTapproximation replaces the long-range elastic
interactions with infinite range interactions.
A failed spot slips until the local stress is reduced to a

random arrest stress and then resticks. The stress released by
a failed spot triggers other elastically coupled weak spots to
slip, creating a slip avalanche. According to assumption (iii),
avalanches occur faster than the slow, imposed material
deformation. We extract detail-independent (universal) ana-
lytical predictions [2], which agreewith numerical studies of
continuummodels [1,22], phase fields [23], phase field crys-
tals [24], discrete 2D dislocation dynamics [1,3,22,25,26],
and full 3D dislocation dynamics simulations [27].
At applied stress $, the model predicts that the stress-

dependent (‘‘stress-binned’’) distribution DðS; $Þ of slip
sizes S follows a power law S#! up to a stress-dependent
cutoff size Smax & ð$c # $Þ#1=" (this is the tunability pre-
diction of MFT) [2]:

DðS; $Þ & S#!fSðSð$c # $Þ1="Þ:

Here S is the total displacement during a slip avalanche
(see Supplemental Material [14]). The exponents ! ¼ 3=2
and 1=" ¼ 2 and the cutoff scaling function fSðxÞ are
universal [1,2]. In MFT, fSðxÞ ¼ expð#AxÞ, where A is a
nonuniversal constant [2]. $c is again the failure stress, also
called critical stress. The stress-binned complementary
cumulative distribution function is

CðS;$Þ&
Z 1

S
DðS0;$ÞdS0&S#ð!#1ÞgðSð$c#$Þ1="Þ; (1)

where gðxÞ ' R1
x e#Att#!dt is the universal scaling-

function (see Fig. 4, inset). MFT predicts that the stress-
integrated histogram DintðSÞ of slip sizes follows a power
law (see Supplemental Material [14]):

FIG. 1 (color online). Nanopillar compression tests. (a),
(b) SEM images of a 868-nm-diameter Nb pillar at 52’’ tilt,
before and after compression, respectively. (b) Pillar after final
catastrophic slip event; slip data at the largest strains are ex-
cluded from the analysis. (c) Characteristic stress-strain curves
(each contains thousands of points) for four metals compressed
at different displacement rates. Negatively sloped lines connect
two points at the beginning and end of fast slips, with springlike
machine response. The Nb stress-strain curve corresponds to the
pillar in (a)–(b). The ‘‘criticality slope’’ line is fitted to the
average slope of curve 4, near the critical (failure) stress (see
the text). (d) Schematic of the compression test methodology.
For details, see Supplemental Material [14].
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scaling- collapse agrees with the MFT predictions for
! ¼ 1:5, " ¼ 0:5, and the scaling function, which contains
more information than the traditionally fitted power-law
exponent ! alone. This collapse thus constitutes a much
more stringent test of MFT, confirming that the slip statis-
tics of plasticity indeed reflect the underlying tuned non-
equilibrium critical point predicted by MFT [1–3], as
explained above. The model also explains our observed
dependence of the slip statistics on compression rate and
system size.

(iii) Universality.—The simple MFT provides a unified
understanding of plasticity at nano- and microscales
[10–12]. In experiments, at first sight, plasticity looks dif-
ferent on these two scales. At nanoscales the lattice struc-
ture matters. For example, the dislocation dynamics and the
criticality slope (defined as the slope of the stress-strain
curve prior to failure [Fig. 1(c)]), depend on the material’s
crystal structure [9–12,18]. Here, we show (a) how MFT
relates these features to the slip statistics and (b) that MFT
applies to all crystal structures on nano- and microscales,
despite the apparent differences observed in experiments.

In summary, we show that MFT provides a unified
explanation for plasticity as a tuned critical phenomenon

under a wide variety of conditions: for pillar sizes ranging
from 75 nm to 1 #m, for strain rates less than or on the
order of 1" 10#4 s#1, for different materials, and for
different crystal structures. It predicts the power-law ex-
ponents and scaling function of the slip-size distributions
and the stress dependence of their cutoffs.
In the following,wefirst discuss themodel predictions and

then compare them to stress-integrated and stress-binned
(i.e., stress-dependent) slip-size distributions measured dur-
ing uniaxial compression of nanopillars for different values
of stress, deformation rate, and pillar size. The analysis tools
and methods [19] applied here to experiments are generally
applicable to a much broader set of future experiments on
plasticity and slip-avalanche statistics [20,21].
Simple MFT model for slow shear.—Our simple coarse-

grained model is described in detail in Ref. [2]. It makes
robust statistical predictions for material deformation given
the following assumptions: (i) A slowly sheared material has
weak spots where slip initiates when the local stress exceeds
a random local threshold stress. (ii) Slip avalanches occur at
length scales that are large compared with the microscopic
structure of the material. (iii) The material is sheared suffi-
ciently slowly so that slip avalanches do not overlap in time.
(iv) The MFTapproximation replaces the long-range elastic
interactions with infinite range interactions.
A failed spot slips until the local stress is reduced to a

random arrest stress and then resticks. The stress released by
a failed spot triggers other elastically coupled weak spots to
slip, creating a slip avalanche. According to assumption (iii),
avalanches occur faster than the slow, imposed material
deformation. We extract detail-independent (universal) ana-
lytical predictions [2], which agreewith numerical studies of
continuummodels [1,22], phase fields [23], phase field crys-
tals [24], discrete 2D dislocation dynamics [1,3,22,25,26],
and full 3D dislocation dynamics simulations [27].
At applied stress $, the model predicts that the stress-

dependent (‘‘stress-binned’’) distribution DðS; $Þ of slip
sizes S follows a power law S#! up to a stress-dependent
cutoff size Smax & ð$c # $Þ#1=" (this is the tunability pre-
diction of MFT) [2]:

DðS; $Þ & S#!fSðSð$c # $Þ1="Þ:

Here S is the total displacement during a slip avalanche
(see Supplemental Material [14]). The exponents ! ¼ 3=2
and 1=" ¼ 2 and the cutoff scaling function fSðxÞ are
universal [1,2]. In MFT, fSðxÞ ¼ expð#AxÞ, where A is a
nonuniversal constant [2]. $c is again the failure stress, also
called critical stress. The stress-binned complementary
cumulative distribution function is
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function (see Fig. 4, inset). MFT predicts that the stress-
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before and after compression, respectively. (b) Pillar after final
catastrophic slip event; slip data at the largest strains are ex-
cluded from the analysis. (c) Characteristic stress-strain curves
(each contains thousands of points) for four metals compressed
at different displacement rates. Negatively sloped lines connect
two points at the beginning and end of fast slips, with springlike
machine response. The Nb stress-strain curve corresponds to the
pillar in (a)–(b). The ‘‘criticality slope’’ line is fitted to the
average slope of curve 4, near the critical (failure) stress (see
the text). (d) Schematic of the compression test methodology.
For details, see Supplemental Material [14].
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•  Small number of events: large statistical errors 
•  Yield stress of individual pillars strongly fluctuates 
•  Very few avalanches in the elastic regime 
•  The results are very sensitive 

to experimental details 
•  System size 
•  For nanopillars new 

defromation mechanisms 
•  Parallel tip and sample surface 
•  Surface degradation duew to FIB 
•  Deformation and sampling rate 
•  Non-uniform pillar shape 
•  Machine stiffness 

[Uchic, Shade, Dimiduk, Ann. Rev. Mater. Sci. (2009)] 
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Figure 2
Experimental flow curves for two 10-µm-diameter Ni-base superalloy microcrystals oriented for single slip,
in which the lateral constraint has been varied significantly between the two experiments (P.A. Shade,
R. Wheeler, Y.S. Choi, M.D. Uchic, D.M. Dimiduk & H.L. Fraser, unpublished research). This change has
a demonstrable effect on the flow curves and, for the highly constrained sample, results in significant internal
crystal rotations as shown in the accompanying electron backscatter diffraction maps (inset). The overall
habit of the zone of crystal rotations is conjugate to the primary slip-plane trace direction. The conjugate
zone of slip and associated crystal rotations are required to maintain axial alignment of the specimen with the
loading device.

OBSERVATION OF PHYSICAL PHENOMENA

FCC Metals

Many of the initial applications of the microcompression methodology focused on studies of
simple metals, in particular elements that possess the face center cubic (FCC) crystal structure.
The reasoning for this is twofold: The single-crystal flow behavior of these metals has been studied
in great detail by testing of both bulk samples and vapor-grown whiskers, and similarly, there
is extensive knowledge regarding the active dislocation processes and structures that result from
plastic deformation. In addition, the use of Au crystals enables the study of small-scale deformation
in a material that does not form a native oxide layer.

The phenomenon that has garnered the most attention for experiments on FCC microcrystals
(micrometer-scale single crystals) of pure Ni (2, 11, 23, 25), Au (4, 7–9), Al (12, 26), and Cu
(26–28) is the strong dependence of the flow stress on sample size when the sample diameter is of
the order of tens of micrometers or smaller. This increased flow stress results from both increases
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[Imrich et al., Acta Mater. (2014)] 
 

connected at the twin boundary with the corresponding slip
systems in grain 2, as can be clearly seen in Fig. 3b. The
planes of the individual systems always meet perfectly at
the CTB and all slip steps extend through both grains,
which leaves the boundary unbent and produces large slip
steps which can easily be identified in the side view in
Fig. 4. The deformation of the pillar occurs through collec-
tive slip of both grains into the same direction along a set
of two !1!11 planes that enclose an angle of 141!.

While one could think that the introduction of the CTB
would lead to a strengthening of the compression sample
like for the LAGB, Fig. 5 proves the opposite. The
stress–strain curves show similar elastic slopes, yield points
and hardening behavior for both kinds of pillars. Both sin-
gle crystals show a smooth elastic–plastic transition at yield
stresses of 120 and 135 MPa, while the bicrystal exhibits a
peak yield stress of 131 MPa and shows slight softening

before the stress increases and reaches a plateau at
!145 MPa.

4. Discussion

The opposing results of the LAGB and the CTB is the
central aspect of the following discussion which is comple-
mented by 3-D DDD simulations. The results for the sin-
gle-crystalline Cu samples that were tested in this paper
are comparable regarding deformation morphology,
stress–strain behavior, reproducibility and results docu-
mented in literature [4–13,55–59], and thus are not further
discussed.

4.1. LAGB

Two very distinctive differences are visible by analyzing
the LAGB pillar by SEM compared to the adjacent single-
crystalline pillars. The glide steps at the surface are much
weaker and more glide steps are observed, indicating less
localized plasticity. Additionally, the different flow behav-
ior of the individual grains leads to a large distortion of
the pillar, with a deflection of the grain boundary in the
center of the sample of !17! compared to the pristine ori-
entation. This distortion is most likely caused by the differ-
ent mechanical properties of the two crystal orientations in
the LAGB pillar combined with the constraints imposed by
the testing setup. The Young’s moduli in compression
direction are fairly similar: 75 and 79 GPa for grain 1
and grain 2, respectively, as calculated from the elastic con-
stants [60]. Elastic buckling can be excluded due to the
aspect ratio of length to thickness of !3; however, elasto-
plastic buckling as discussed in Ref. [61] could cause the
observed bending.

Fig. 1. SEM micrographs of micropillars after compression. (a) Compression sample of grain 1. (b) Bicrystalline pillar containing a LAGB that is
composed of grain 1 and grain 2. (c) Compression sample of grain 2.

Fig. 2. Engineering stress–strain curve of the single-crystalline Cu pillars
of grain 1 (gray), grain 2 (black) and the bicrystalline pillar containing a
LAGB (red). While the single crystals show similar behavior, the bicrystal
exhibits increased yield strength and shows stronger hardening. (For
interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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The stress–strain curve (Fig. 2) of the LAGB pillar is
dominated by a higher yield strength, stronger hardening
and smaller load drops compared to the corresponding sin-
gle-crystalline pillars. The most apparent reason for the
strength increase of 19–41% at 1% strain is the reduction
in source size in the component grains through truncation
hardening. It should be noted that the evaluation of yield
strength in micromechanical samples is influenced by the
strain at which it is analyzed. Since an evaluation at 0.2%
strain as for macroscopic samples is not sensible due to

the lack of accuracy in micromechanical tests, we per-
formed our measurements at 1% strain. As discussed in
the Introduction, the use of a constant size effect exponent
for the strengthening power law is controversial; however,
to obtain an estimate for the increase in yield strength, the
phenomenological scaling law by Dou and Derby [20] and
the source activation stress formula by Rao et al. [18] were
used. Rao et al. calculated the critical resolved shear stress
of double-ended and single-ended dislocation sources of
30! mixed type with varying lengths from 233 to 933 Bur-
gers vectors and fitted the simulation data with the follow-
ing equation:

sðLÞ ¼ kG
lnðL=bÞ
ðL=bÞ

ð2Þ

Here L is the source length, G the shear modulus, b the
Burgers vector and k a constant with values of 0.06–0.18
for single-ended to double-ended sources. Since the

Fig. 3. SEM micrographs of micropillars after compression; the CTB is nearly parallel to the viewing direction going from top to bottom of the pillar. (a)
Compression sample of grain 1. (b) Bicrystalline pillar containing a CTB that is comprised of grain 1 and grain 2. It can be clearly seen that the slip steps of
both grains meet perfectly along a straight line, the CTB. (c) Compression sample of grain 2.

Fig. 4. Side view of the deformed bicrystalline pillar from Fig. 3b. The
CTB runs from left to right through the top surface of the pillar and is
nearly parallel to the viewing plane. Both grains are displaced simulta-
neously into the same directions parallel to the image plane.

Fig. 5. Engineering stress–strain curve of the single-crystalline compres-
sion samples of grain 1 (gray), grain 2 (black) and the bicrystalline sample
containing a CTB (green). (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
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•  Avalanche distribution unaffected by original dislocation structure 
•  Sampling rate affects the exponent 

[Maass, Derlet, Acta Mater. (2018)] 

power-law exponent. Such results are first indications of statistical
properties that differentiate materials with respect to their scaling
behavior rather than on concentrating on universal scaling
behavior. Support for changes in universality class have also
recently been reported with simplified dislocation dynamics sim-
ulations that investigated the effects of obstacle and source
strengths on statistics of abrupt plastic events [218].

Whilst not explicitly discussed in the above experimental pa-
pers, the observation of power-law like slip-size distributions and
the usage of criticality to rationalize them necessarily implies a
certain type of bulk plasticity, and therefore a certain type of bulk
micro-plasticity, is at play. As pointed out in Section 1.2, we re-
emphasize that theories of critical scale-free intermittency are

generally concerned with pre-cursor plasticity to the macroscopic
yield transition. This implication is quite intriguing, because crys-
tals with diameters as small as 75 nm have been reported to exhibit
scale-free power-law slip size distributions (Fig. 16) [198]. Given
that the size-effect in strength of these small crystals is often
explained through a depletion of (mobile) dislocations, observing
power-law scaling is not at all straight forward, unless the crystals
still contain some relevant bulk-like dislocation structure. That
bulk-like micro-plasticity is at play is of course masked by the very
large strain jumps seen in the micron sized samples. Under the
assumption of critical behavior for the entire deformation, the finite
volume of the sample enters as the relevant truncation length-scale
in the scaling function in PðsÞ # ð1=stÞf ½s=s0%. For the case of tuned

Fig. 14. a) Dislocation structure as obtained after pre-deformation into stage III hardening (23% strain) of a pure Ni bulk crystal. Micro-crystals with a diameter of 20 mm were
prepared and compressed [206]. The resulting probability density function (PDF) p(s) is shown in b), revealing that despite the pronounced pre-existing dislocation structure, the
distribution remains unaltered in both slope and largest observed event size. The inset in b) displays the deformed micro-crystal [206]. Unpublished data, kindly provided by D.
Dimiduk and co-workers [207].

Fig. 15. a) Stress-integrated axial displacement-velocity distribution evidencing a shoulder at low velocities and an approximate cubic decay at higher velocities [166,174]. The
dashed line is the predicted scaling after Ref. [216]. b) Rescaling velocity profiles for different slip-size bins that collapse very well onto the predicted mean-field function Axe&Bx2

[216,217], where A and B are fitted to 1.15 ' 107 and 6.15 ' 106, respectively. The data in both graphs was obtained from micro-compression on Au〈001〉 micro-crystals.

R. Maaß, P.M. Derlet / Acta Materialia 143 (2018) 338e363 355



•  Self-ion irradiated <111> Ni: 
•  Smoother response for small doses 
•  Large fluctations for high doses 

[Zhao et al, Acta Mater (2015)] 

Our in situ testing approach allows us to directly corre-
late plastic morphology with features measured in the
stress–strain response, as shown in the image sequence
and corresponding stress–strain curve for a 40 dpa
specimen in Fig. 6. Following linear elastic loading, the
nucleation of a shear localized event correlates with macro-
scopic yielding of the specimen (Fig. 6f). Interestingly, the
nucleation of this shear band (Fig. 6b) was observed on
the cylinder surface within the gage section of the specimen,
rather than at the pillar/punch interface, as is commonly
seen in micro- and nanocompression experiments due to
friction or stress concentrations at this interface [38]. This
is presumably due to the small gradient of dose along the
length of the pillar, with the largest extent of damage

concentrated near the base of the pillar. As defect-free
channel nucleation in irradiated metals generally occurs
at stress concentrations [26], this suggests that the stress
owing to dislocation–defect interactions is higher than
any amplification of stress at the pillar–punch interface.
Subsequent propagation of the shear band proceeds until
it intersects with the top surface of the pillar (Fig. 6c). Most
notably, full propagation of this single shear band event
correlates with a measured stress drop (denoted as point c
in Fig. 6f). Subsequent intermediate slip events on parallel
planes are associated with smaller magnitudes of stress
drops (e.g. Fig. 6d). This combination of measurement
and direct observation suggests that the large load drops
are associated with large localization events at high dose,

Fig. 5. SEM images of post-compressed pillars from (a) unirradiated and irradiated regions of the h111i Ni sample for doses of (b) 0.25, (c) 2.5, (d)
25, and (e) 40 dpa. (f) Longitudinal cross-section of compressed pillar from 40 dpa region highlighting a large band following a shear localization
event. The image in (d) corresponds to the red curve in Fig. 4d, where the different unloading slope is related to the large slip offset resulting in the
partial loss of contact between the flat punch and pillar.

128 X. Zhao et al. / Acta Materialia 88 (2015) 121–135

support the hypothesis of a polydisperse and heterogeneous
population of defect clusters at high dose.

In summary, the data of Figs. 10 and 11 show that for
the low damage (0.25 and 2.5 dpa) samples, the distribution
of stress drops is more strongly truncated when compared
to the distribution of the unirradiated material. For the
high damage (25 and 40 dpa) samples, the distributions

additionally exhibit strong tails that cannot be accounted
for by Eq. (2). This latter aspect is most probably due to
the relatively few large-stress-drop events occurring due
to the low number of strong/large defect sites within each
pillar (see Fig. 8d and e for a schematic realization) result-
ing in poor self-averaging and a behavior that varies from
sample to sample.

For the lower stress-drop scale, where Eq. (2)represents
reasonably well the data of Figs. 10 and 11 for all dosages,
the exponential scaling function indicates the emergence of
a upper cut-off stress scale upon irradiation. Assuming that
the statistics of stress-drops are equivalent to plastic strain
burst magnitudes [56], this also indicates the emergence of
an upper plastic strain cutoff scale.

The above trends can be rationalized by modern theories
of scale free plasticity, in which the dislocation network is
considered to be partially (or fully) in a self-organized criti-
cal state [57]. Currently there are two main variants of the
universality class associated with the plastic deformation
of crystalline materials, those for which the system is in a
state of criticality irrespective of the applied external stress
[46,58,59] and those for which the system is only in a state
of criticality at (or close to) a critical depinning stress [60,61].

Considering the first case, then finite system scaling enters
directly into the scaling functions and the plastic strain cutoff
scale is controlled in a simple way by a characteristic length
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Fig. 10. Statistics of stress drops determined by the analysis of load-
time response (see text for details). Complementary cumulative
probability distribution of stress drops with data plotted on log–log
scale for unirradiated and irradiated pillars of varying doses.
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•  First pop-in events in Mo 
•  Weibull distribution 

describes well the pop-in 
stresses 

[Phani, Johanns, George, Pharr, J. Mater. Res. (2013); 
Derlet, Maass, J. Appl. Phys. (2016)] 

hr1i½x" ¼ r0e$lxxc; (5)

for 0 % x < xc ¼ c=l. Here, r0, l, and c are parameters to be
determined. Using M ¼ qV, this may be rewritten as

hr1i V½ " ¼ r0

qc e$l= qVð Þ 1

V

! "c

¼ !r0e$
!l=V 1

V

! "c

: (6)

Eq. (6) is fitted directly to hr1i versus V with the parameters
being !r0; !l, and c. For sufficiently large M, c and r(1 (via
Eq. (4)) can be identified as the Weibull shape and scale
parameters, respectively.

The above gives c and therefore a, which is the exponent
for the master distribution of critical stresses and therefore a
material parameter characterizing the initial micro-structure.
The above expressions are valid for a homogeneous external
stress field. For a nano-indentation geometry, a generaliza-
tion to an inhomogeneous external stress field is needed.
This is done in Appendix B. Concerning the validity of the
present formalism, M is an integer which must be greater
than one. Thus, for sufficiently small volumes (which might
not contain a plastic event), M will be mainly zero with
hMi < 0. In this regime of small enough sample volume, the
present formalism can no longer be applied and reflects a
possible change of mechanism—a limit that is encountered
experimentally in the present work, when sufficiently small
volumes are probed with nano-indentation.

Whilst the procedure concerned with Eq. (6) can yield
both the scale and shape parameter, no insight into the mate-
rial parameter q, and therefore M, can be gained. Moreover,
since !l ¼ l=q and !r0 ¼ r0=qc, the fundamental parameters
l and r0 are also not determined. Assuming the master distri-
bution is a power-law for all values of relevant critical
stresses, Appendix C develops an exact expression for the
average first critical stress as a function of M, which closely
follows the empirical form of Eq. (5) when M> 10. In this
developed expression, which essentially characterizes the
breakdown of the asymptotic Weibull limit, the parameter
l is now a function of c (see Eq. (C8) and Fig. 5(a) in
Appendix C), allowing q and r0 to be now directly esti-
mated. In addition, the analysis of Appendix C demonstrates
that when M> 50, the asymptotic Weibull limit is well
followed.

III. APPLICATION TO EXPERIMENT AND SIMULATION

A. First pop-in stress from experimental
nano–indentation data

Nano-indentation provides a reliable and accurate probe
into the plastic properties of a material region directly below
the indenter tip. The initial elastic response is well described
by Herzian contact theory,34 and the non-negligible plasticity
generally manifests itself as an abrupt deviation from
Herzian behaviour. The critical stress at which this discrete
plastic event occurs is referred to as a pop-in stress. In a
recent series of papers, Pharr and co-workers,29,30 measured
such pop-in stresses of a (100) Mo single crystal for different
indenter radii ranging from 700 lm down to 0.56 lm.
The work is distinguished by the very large number of

nano-indentations per intender size, and the range of indenter
sizes. They found that with decreasing indenter radius, the
critical pop-in stress increased in a systematic way. In
Sudharshan Phani et al.,30 this trend was rationalized via a
stochastic deformation model involving two microscopic
deformation mechanisms—the general activation of pre-
existing dislocations and the nucleation of dislocations in
dislocation free environments for the smallest indenter radii.

The present work considers such pop-in stresses as the
first critical stress of the formalism developed in Sec. II. In
doing so, it is implicitly assumed that the statistics of the first
plastic event arises directly from the physics of the underly-
ing dislocation network and not, for example, from a distri-
bution of surface imperfections—unknowns that are always
present in such an experiment.

For each indenter radius, r, the critical stresses are taken
directly from figure 10 of the study by Sudharshan Phani
et al.,30 averaged and plotted in Fig. 1(a) as a function of the
indenter radius. Also included in Fig. 1(a) is a fit to Eq. (6)
assuming V ¼ r3. Comparison of this fit to the experimental
nanoindentation data is good apart from the largest and two
smallest indenter radii. The obtained parameters are

FIG. 1. (a) Logarithmic plot of measured pop-in stress as a function of the
indentation radius, and an associated fit of Eq. (6). (b) Plot of the experimen-
tal indentation cumulative distribution function (CDF) data for each indenter
radius with the corresponding predicted Weibull CDF. Experimental inden-
tation data taken from figure 10 of the work by Sudharshan Phani et al.30
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strength would be affected by varying the dislocation
density from very small to very large values.

Similar to the results reported by Shim et al.16 for Ni,
recent nanoindentation pop-in experiments on single
crystal molybdenum (Mo) by Morris et al.23 have revealed
a strong indenter radius effect on its pop-in behavior. As
shown in Fig. 2(a), the maximum shear stress at pop-in
transitions with increasing indenter radius from a high level
corresponding to the theoretical strength to a low level
corresponding to the bulk strength. In addition to the size
effect on strength, there is also a very large scatter in the shear
stress at pop-in but only at intermediate radii. As shown in
Fig. 2(b), this behavior is analogous to recently reported
microtensile and microcompression tests on submicron di-
ameter Mo-alloy fibers in which the microcompression
experiments were performed on short pillars (1–3 lm in
length), and microtension tests were performed on much
longer fibers (10–30 lm in length). As shown in the figure,
varying the normalized gauge length of the specimen, ‘/kavg,
where ‘ is the gauge length andkavg is the average dislocation

spacing, gives rise to a large size effect on the yield strength
as well as a large variability in the scatter in a manner very
similar to the pop-in data in Fig. 2(a). Even though nano-
indentation data are more difficult to quantitatively analyze
because of the complex nature of the indentation stress fields,
the pop-in experiments have a distinct advantage over the
microcompression/tension tests in that they are quick and
easy to perform. As a result, a greater number of tests can be
conducted at a single geometric length scale (i.e., indenter
radius), which helps to better define and quantify the details
of the observed scatter.

In this paper, we develop a simple stochastic model to
explain the observed size effects on strength and scatter
observed in nanoindentation pop-in. The approach builds
on ideas presented in several earlier publications. Shim
et al.16 first showed that the maximum shear stress at pop-
in in Ni single crystal transitions with increasing indenter
radii from a high strength level corresponding to the
theoretical strength to a low strength level corresponding
to the bulk strength. They qualitatively explained this by
the assuming that pop-in is caused either by the nucleation
of dislocations in dislocation-free regions or by the activa-
tion of preexisting dislocations, with the probability of each
depending on the size of the indenter relative to the average
dislocation spacing. Morris et al.23 subsequently added to
these ideas by providing a second set of experimental
observations for Mo single crystals and by suggesting that
the probability of activation of preexisting dislocations is
governed by Poisson statistics. This led to a theoretical
description of the behavior that successfully models the
observed average size dependence for larger indenter radii
but does not account for the nucleation dominated limit for
smaller indenters or address the magnitude of the scatter.
More recently, Johanns et al.24 proposed a simple rule of
mixtures approach to model their experimentally observed
effects of specimen gauge length on the yield strength of
submicron diameter Mo-alloy fibers [see Fig. 2(b)]. Their
model assumes that there are two inherent levels of strength,

FIG. 1. Schematic representation of the length scales associated with
spherical indentation pop-in (after Shim et al.16). The geometric length
scale is the radius of the spherical indenter that determines the size of the
highly stressed zone. The material length scale is the average dislocation
spacing, 1/Oq, q is the dislocation density.

FIG. 2. Size effects on strength: (a) influence of the indenter radius on the pop-in stress during spherical nanoindentation of an Mo single crystal23

and (b) the dependence of the yield strength on normalized specimen length for uniaxial microcompression and microtensile testing of small diameter
(;400 nm) Mo-alloy fibers.24,26 The dashed lines in (b) represent the 90% scatter band as determined by methods described in Sudharshan Phani
et al.26
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•  Clear sign of critical behaviour 
•  Power-law distributions 
•  Technologically important to understand small-scale deformation 

•  Internal scales seem to affect the avalanche distribution 
•  Grain boundaries, quenched pinning 

•  Measured data suffer from 
•  Small datasets 
•  Experimental difficulties 
•  Too small samples 

•  One cannot conclude regarding universality 



•  3D DDD simulations on Al 
•  Mean-field exponent 
•  Behaviour of the cut-off: 

•  b: Burgers vector 
•  E: Young modulus 
•  L: system size 
•  Θ: strain hardening 
•  Γ: effective stiffness of the 

machine-sample system 

[Csikor et al, Science, (2007)] 

displacement-controlled deformation, the driving
stress decreases due to relaxation of the elastic
strain. The total effective-stress drop caused by
an avalanche of strain s is (Q + G)s, where G is
the effective stiffness of the specimen-machine
system (for a cubic compression specimen with
rigid boundaries, G equals the elastic modulus E).
This stress drop terminates the largest avalanches
and, accordingly, we expect the cut-off to scale in
inverse proportion with (Q + G). A second scaling
property can be motivated as follows: Large dis-
location avalanches extend along a lamellar region
across an entire specimen cross section. The total
strain produced by such a “system-spanning” ava-
lanche is proportional to the dislocation Burgers
vector modulus b and inversely proportional to the
characteristic specimen size L. Combining these
relations, we find that [see also (19, 24)]

s0 º
bE

LðQþ GÞ ð2Þ

To verify the validity of this scaling relation, we
performed simulations of different system sizes in
displacement control with a rigid constraint. As seen
in Fig. 3, avalanche strain distributions obtained
from specimens of different sizes fall on top of each
other after rescaling s → S = sL(G + Q)/bE with
G = E and Q deduced from the simulated stress
strain curves (fig. S3). The same is true for the
distribution we obtained under load control where
G = 0, and we rescale by using the hardening co-
efficientQ alone. The avalanche strain distributions
obtained from our microbending simulations fol-
low the same universal scaling curve if we identify
L with the length of the bending beam and note
that these simulations use displacement control.

It is instructive to apply the scaling (2) to the
experimental data of (2) (solid circles in Fig. 3). In
these experiments, the distribution of elongation
increments x = sL was determined during defor-
mation in load control. Rescaling the experimental
data points by setting S = xQ/bE and using a har-
dening coefficient Q = E/1000 as deduced from
the stress-strain curves in (2), we find that the
scaled experimental data and simulation results are
described by a single, universal scaling function,
P(S)º S−3/2 exp[−(S/0.6)2]. In addition, the present
theory can quantitatively explain high-resolution
strain measurements that recorded strain bursts
during stress-controlled torsion of tubular macro-
scopic samples of zinc, oriented for basal slip (16).
Using the experimental parameters of (16), we
estimate s0 ≅ 2 × 10−7, in agreement with the size
of the largest strain jump reported in (16).

Our simulations demonstrate that intermittent
dislocation avalanches are an intrinsic feature of
crystal plasticity with properties that do not depend
on the slip geometry, deformation mode, or details
of the dynamical properties of dislocations. The
avalanches are statistically characterized by a uni-
versal probability distribution whose characteristic
parameter s0 is determined by the specimen size,
the hardening capacity of the material, and the re-
sponse of the deformation “machine” to an ava-
lanche. But what are the implications of these
findings for deformation processes on the micro-
meter scale? To elucidate this aspect, we performed
stochastic simulations of the bending of a long
thin rod subjected to a bending moment that is
constant along its length. The basic idea of these
simulations (19) is that a long thin rod can be
considered as a chain of segments that are similar
to those we have simulated by discrete dislocation
dynamics, and that behave in a statistically inde-
pendent manner. The applied bending moment is
increased until the total bending angle exceeds 2p,
when the rod should assume an annular shape. As
a consequence of the stochastic and intermittent
nature of the deformation process, the deformation
behavior of the individual segments can, however,
no longer be predicted in a deterministic sense. As
the maximum avalanche strain increases with de-
creasing system size, the stochastic heterogeneity of
deformation becomes more and more pronounced.
This leads to irregular shape distortions, as shown
in Fig. 4. In the limit of very thin rods (illustrated
by the bottom right shape in Fig. 4), the stochastic
heterogeneity does not increase further: In very
small specimens, the largest strain bursts that occur
before the simulation is terminated remain below
the intrinsic cut-off s0 of the probability distribution.

Our findings demonstrate that it may be dif-
ficult, on the micrometer and submicrometer scale,
to control the results of plastic-forming processes.
Note, however, that micrometer-scale components
such as bonding wires that are processed through
plastic forming are polycrystals. We have studied
the influence of grain boundaries on the propaga-
tion of dislocation avalanches by simulating bi-
crystalline and multicrystalline samples (19). The
results suggest that in polycrystals, grain bounda-

Fig. 2. Progress of a large
dislocation avalanche in
[010] symmetrical multi-
ple slip for a specimen
of size L = 0.5 mm. The
graph shows an overlay
of snapshots from every
10th global simulation
timestep during a strain
burst event. Red, green,
blue, and cyan denote dis-
locations on the four {111}
sets of crystal planes; yel-
low represents immobile
Lomer locks created through
dislocation reactions. Sever-
al geometrically separated
dislocations become un-
pinned during the same
event, which demonstrates
the importance of long-
range elastic interactions
in strain burst initiation.
The avalanche has a strongly anisotropic shape with more than 60% of the deformation occurring on
one of the four equivalent sets of slip planes. Although a part of the deformation is taking place outside
a single slip plane, the statistical analysis of the avalanche distribution suggests that the fractal
dimension of the avalanches is close to two, indicating an effective lamellar shape.

Fig. 3. Scaling collapse of
avalanche size distributions.
Open data points: data ob-
tained from simulations of
systems of different sizes
in load and displacement
control. Scaling parame-
ters: b = 2.8 × 10−10 m
(Al); G = E, Q = E/10
(displacement-controlled
tension/compression and
bending); G = 0, Q = E/10
(load-controlled tension/
compression). Full data
points: experimental data
of Dimiduk et al. (2);
scaling parameters: b =
2.5 × 10−10 m (Ni), G = 0,
Q = E /1000 ( l oad -
controlled compression). Full line: scaling function P(S)º S−3/2 exp[−(S/0.6)2].
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Data from Dimiduk et al.
L=1.5µm, bending
L=0.5µm, load control
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L=0.8µm, strain control
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displacement-controlled deformation, the driving
stress decreases due to relaxation of the elastic
strain. The total effective-stress drop caused by
an avalanche of strain s is (Q + G)s, where G is
the effective stiffness of the specimen-machine
system (for a cubic compression specimen with
rigid boundaries, G equals the elastic modulus E).
This stress drop terminates the largest avalanches
and, accordingly, we expect the cut-off to scale in
inverse proportion with (Q + G). A second scaling
property can be motivated as follows: Large dis-
location avalanches extend along a lamellar region
across an entire specimen cross section. The total
strain produced by such a “system-spanning” ava-
lanche is proportional to the dislocation Burgers
vector modulus b and inversely proportional to the
characteristic specimen size L. Combining these
relations, we find that [see also (19, 24)]

s0 º
bE

LðQþ GÞ ð2Þ

To verify the validity of this scaling relation, we
performed simulations of different system sizes in
displacement control with a rigid constraint. As seen
in Fig. 3, avalanche strain distributions obtained
from specimens of different sizes fall on top of each
other after rescaling s → S = sL(G + Q)/bE with
G = E and Q deduced from the simulated stress
strain curves (fig. S3). The same is true for the
distribution we obtained under load control where
G = 0, and we rescale by using the hardening co-
efficientQ alone. The avalanche strain distributions
obtained from our microbending simulations fol-
low the same universal scaling curve if we identify
L with the length of the bending beam and note
that these simulations use displacement control.

It is instructive to apply the scaling (2) to the
experimental data of (2) (solid circles in Fig. 3). In
these experiments, the distribution of elongation
increments x = sL was determined during defor-
mation in load control. Rescaling the experimental
data points by setting S = xQ/bE and using a har-
dening coefficient Q = E/1000 as deduced from
the stress-strain curves in (2), we find that the
scaled experimental data and simulation results are
described by a single, universal scaling function,
P(S)º S−3/2 exp[−(S/0.6)2]. In addition, the present
theory can quantitatively explain high-resolution
strain measurements that recorded strain bursts
during stress-controlled torsion of tubular macro-
scopic samples of zinc, oriented for basal slip (16).
Using the experimental parameters of (16), we
estimate s0 ≅ 2 × 10−7, in agreement with the size
of the largest strain jump reported in (16).

Our simulations demonstrate that intermittent
dislocation avalanches are an intrinsic feature of
crystal plasticity with properties that do not depend
on the slip geometry, deformation mode, or details
of the dynamical properties of dislocations. The
avalanches are statistically characterized by a uni-
versal probability distribution whose characteristic
parameter s0 is determined by the specimen size,
the hardening capacity of the material, and the re-
sponse of the deformation “machine” to an ava-
lanche. But what are the implications of these
findings for deformation processes on the micro-
meter scale? To elucidate this aspect, we performed
stochastic simulations of the bending of a long
thin rod subjected to a bending moment that is
constant along its length. The basic idea of these
simulations (19) is that a long thin rod can be
considered as a chain of segments that are similar
to those we have simulated by discrete dislocation
dynamics, and that behave in a statistically inde-
pendent manner. The applied bending moment is
increased until the total bending angle exceeds 2p,
when the rod should assume an annular shape. As
a consequence of the stochastic and intermittent
nature of the deformation process, the deformation
behavior of the individual segments can, however,
no longer be predicted in a deterministic sense. As
the maximum avalanche strain increases with de-
creasing system size, the stochastic heterogeneity of
deformation becomes more and more pronounced.
This leads to irregular shape distortions, as shown
in Fig. 4. In the limit of very thin rods (illustrated
by the bottom right shape in Fig. 4), the stochastic
heterogeneity does not increase further: In very
small specimens, the largest strain bursts that occur
before the simulation is terminated remain below
the intrinsic cut-off s0 of the probability distribution.

Our findings demonstrate that it may be dif-
ficult, on the micrometer and submicrometer scale,
to control the results of plastic-forming processes.
Note, however, that micrometer-scale components
such as bonding wires that are processed through
plastic forming are polycrystals. We have studied
the influence of grain boundaries on the propaga-
tion of dislocation avalanches by simulating bi-
crystalline and multicrystalline samples (19). The
results suggest that in polycrystals, grain bounda-

Fig. 2. Progress of a large
dislocation avalanche in
[010] symmetrical multi-
ple slip for a specimen
of size L = 0.5 mm. The
graph shows an overlay
of snapshots from every
10th global simulation
timestep during a strain
burst event. Red, green,
blue, and cyan denote dis-
locations on the four {111}
sets of crystal planes; yel-
low represents immobile
Lomer locks created through
dislocation reactions. Sever-
al geometrically separated
dislocations become un-
pinned during the same
event, which demonstrates
the importance of long-
range elastic interactions
in strain burst initiation.
The avalanche has a strongly anisotropic shape with more than 60% of the deformation occurring on
one of the four equivalent sets of slip planes. Although a part of the deformation is taking place outside
a single slip plane, the statistical analysis of the avalanche distribution suggests that the fractal
dimension of the avalanches is close to two, indicating an effective lamellar shape.

Fig. 3. Scaling collapse of
avalanche size distributions.
Open data points: data ob-
tained from simulations of
systems of different sizes
in load and displacement
control. Scaling parame-
ters: b = 2.8 × 10−10 m
(Al); G = E, Q = E/10
(displacement-controlled
tension/compression and
bending); G = 0, Q = E/10
(load-controlled tension/
compression). Full data
points: experimental data
of Dimiduk et al. (2);
scaling parameters: b =
2.5 × 10−10 m (Ni), G = 0,
Q = E /1000 ( l oad -
controlled compression). Full line: scaling function P(S)º S−3/2 exp[−(S/0.6)2].
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•  Edge dislocations 
in single or multiple 
slip systems 
•  Sources and obstacles [Papanikolaou, Song, van der Giessen, J. Mech. Phys. Solids (2017)] 

S. Papanikolaou et al. / Journal of the Mechanics and Physics of Solids 102 (2017) 17–29 19 

Fig. 1. The 2D discrete dislocation plasticity model of pillar compression: Slip planes (lines) span the sample, equally spaced at d = 10 b, where those close 
to corner slip plane are considered inactive to maintain a smooth loading boundary. Surface and bulk dislocation sources are present (red disks) and forest 
obstacles (small blue circles) are spread homogeneously across the active slip planes. Initially the sample is stress and dislocation free. (For interpretation 
of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
2. Model description and methods 

The geometry of the model problem is shown in Fig. 1 . Pillars are modeled by a rectangular profile of width w and aspect 
ratio α ( α = h/w ). Plastic flow occurs by the nucleation and glide of edge dislocations, for simplicity, on a single slip system. 
We confine attention to edge dislocations, not only because they provide the essential aspects of crystal plasticity (Burgers 
vector and line direction) with no numerical overhangs, but also because most results for collective plasticity avalanche 
dynamics originate from or are inspired by studies of edge dislocations ( Alava et al., 2014; Ispánovity et al., 2010, 2013; 
Miguel et al., 2001b ). With the typical Burgers vector of FCC crystals being b = 0 . 25 nm , we study sample widths ranging 
in powers of 2 from w = 0 . 0625 to 1 µm with α = h/w = 4 to 32. The lateral edges ( x = 0 , w ) are traction free, allowing 
dislocations to exit the sample. Loading is taken to be ideally strain-controlled, by prescribing the z -displacement at the ends 
of the pillar ( z = 0 , h ). The applied strain rate, ˙ h /h = 10 4 s −1 , is held constant across all simulations, similar to experimental 
practice. 

Plastic deformation is described using the discrete dislocation framework for small strains ( Van der Giessen and Needle- 
man, 1995 ), where the determination of the state in the material employs superposition. As each dislocation is treated as 
a singularity in a linear elastic background solid with Young’s modulus E and Poisson ratio ν , whose analytical solution is 
known at any position, this field needs to be corrected by a smooth image field ( ̂ ) to ensure that actual boundary conditions 
are satisfied. Hence, the displacements u i , strains εij , and stresses σ ij are written as 

u i = ˜ u i + ˆ u i , ε i j = ˜ ε i j + ˆ ε i j , σi j = ˜ σi j + ˆ σi j , (1) 
where the ( ̃ ) field is the sum of the fields of all N dislocations in their current positions, i.e. 

˜ u i = N ∑ 
J=1 ˜ u (J) 

i , ˜ ε i j = N ∑ 
J=1 ˜ ε (J) 

i j , ˜ σi j = N ∑ 
J=1 ˜ σ (J) 

i j . (2) 
Image fields are obtained by solving a linear elastic boundary value problem using finite elements with the boundary con- 
ditions changing as the dislocation structure evolves under the application of mechanical load. 

The slip spacing in this paper is different from most 2D-DDD studies in the literature, where typically a larger slip 
spacing (such as 100 b or 200 b ) is used (e.g. Cleveringa et al., 1999; Deshpande et al., 2005; Chakravarty and Curtin, 2010 ). 
The possible consequence of such a large slip spacing relative to the Burgers vector is that interactions among neighboring 
slip planes are weakened. In our model, available (but not necessarily active) slip planes are 10 b apart and are oriented at 
30 ° away from the loading direction ( Fig. 1 ). At the beginning of the calculation, the crystal is stress and dislocation free. 
This corresponds to a well-annealed sample, yet with pinned dislocation segments left that can act either as dislocation 
sources or as obstacles. Dislocations are generated from sources when the resolved shear stress τ at the source location 
is sufficiently high ( τ nuc ) for a sufficiently long time ( t nuc ), mimicking the activation-expansion-closure process of a Frank–
Read source. We consider bulk sources as in ( Van der Giessen and Needleman, 1995 ) as well as surface sources, similar in 
spirit to ( Nicola et al., 2007 ). 

Each sample contains a random distribution of forest dislocation obstacles, surface dislocation sources, as well as a 
random distribution of bulk dislocation sources. The bulk sources are randomly distributed over slip planes at a density 
ρbulk 

nuc = 60 µm −2 , while their strength is selected randomly from a Gaussian distribution with mean value τ̄nuc = 50 MPa 
and 10% standard deviation. Bulk sources are designed to mimic the Frank-Read mechanism in two dimensions, such that 
they generate a dipole of dislocations of width L nuc , when activated. The initial distance between the two dislocations in the 
dipole is 

L nuc = E 
4 π (1 − ν2 ) b 

τnuc , (3) 
such that the shear stress of one dislocation acting on the other is balanced by the local shear stress. As we only consider 
glide of dislocations, their evolution is determined by the component of the Peach–Koehler force in the slip direction. For 
the I th dislocation, this is given by 

f (I) = n (I) ·
( 

ˆ σ + ∑ 
J ̸= I ˜ σ(J) ) 

· b (I) 
, (4) 
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Fig. 9. Events statistics for different source strength τ nuc (obstacle strength τobs = 300 MPa with 20% SDV). The size of the symbol stands for w from 1 µm 
(largest symbol) to 0.125 µm (smallest symbol). (a) When τnuc = 50 MPa , (b) when τnuc = 300 MPa , blue lines are the statistics for w = 0 . 25 µm with 
different aspect ratios, symbol size stands for the value of aspect ratio. (For interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.) 
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Fig. 10. (a) Dislocation configuration (plotted in undeformed configuration), and (b) distribution of strain along the loading direction (plotted in deformed 
configuration) in a sample of w = 1 µm , α = 4 with an average source strength of 50 MPa at 5% strain. 

dynamics is dominated by the yielding of a primary slip band with high dislocation density and large frustration between 
oppositely signed dislocations. This can be seen, for example, in Fig. 11 where most activity originates in the large dislo- 
cation density at the slip planes near the shear band, dominated by both dislocation signs on nearby but on different slip 
planes. This is a novel regime of dislocation friction in dislocation dynamics, where the frictional “contacts” are formed by 
high concentrations of oppositely-signed dislocations. The result is a self-organized dynamical critical behavior, analogous 
to self-organized earthquake faults ( Fisher, 1998 ): the motion of a few dislocations on the predominant slip plane drags 
along a large collection of nearby dislocations. This structural behavior is reminiscent of the coarse-slip-band (CSB) phe- 
nomenon ( Asaro and Rice, 1977 ) which is believed to lie at the core of crystal plasticity instabilities ( Dao and Asaro, 1996 ). 
This behavior should be contrasted to the more homogeneous deformation in the case of weak sources ( cf. Fig. 10 ). 
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Fig. 11. (a) Dislocation configuration strain (plotted in undeformed configuration), and (b) distribution of strain along the loading direction (plotted in 
deformed configuration) in a sample of w = 1 µm , α = 4 with an average source strength of 300 MPa at 5% strain. 

5. Summary 
In this work, we presented a minimal model that captures the basic aspects of uniaxial compression of nanopillars, 

including yield strength size effects as well as stochastic effects of post-yield plastic flow. We have identified that the crit- 
ical ingredients for such predictions are: a higher density of obstacles than dislocation sources in the bulk; the presence 
of dislocation sources on the surface that are stronger than those in the bulk; and, a spacing between potentially active 
slip planes of tens of Burgers vectors. It bears emphasis that the dislocation sources and obstacles in our model follow a 
stochastic Gaussian distribution with 10% and 20% relative fluctuations, respectively. Analogous relative fluctuations should 
be expected in realistic microstructures, but the Gaussian character of these distributions in nanopillars may be an assump- 
tion that should be revisited in future studies. 

When sources are, on average, much weaker than obstacles, strengthening with decreasing width is consistent with the 
experimentally observed scaling σY ∼ w −0 . 45 . Energy release events statistically become larger as width decreases, and the 
statistical distribution of events P ( S ) acquires a power-law tail in the limit of small widths with an exponent τ = 1 . 5 ± 0 . 2 
in P (S) ∼ S −τ . When dislocation sources are comparable in strength or stronger than the obstacles, the strength is virtually 
independent of width or aspect ratio while the statistical distribution of plastic events appears universal across width and 
aspect ratio, scaling with τ = 1 . 9 ± 0 . 2 . 

We demonstrated that small activation strengths (compared to obstacle strengths) for dislocation sources leads to assisted 
dislocation depinning at large widths that is strongly associated with dislocation pile-ups, while the behavior switches to an 
unassisted dislocation depinning mechanism at small widths, where dislocations jump over obstacles individually without 
being assisted by dislocation pile-ups. The crossover that we identified naturally leads to strengthening that is consistent 
with the experimental phenomenology of BCC/FCC uniaxial nanopillar compression, but also it leads to the onset of critical 
avalanches in the limit of small widths, where obstacles on active slip planes are asymptotically close. Stochastic plastic flow 
fluctuations are strongly connected to the yield strength through an almost quadratic dependence δσ f ∼ σ 1 . 84 

Y , a prediction 
that is deeply rooted in the nature of our unassisted dislocation depinning mechanism. This mechanism clearly distinguishes 
nanopillar crystals from other materials which display abrupt plastic flow, such as bulk metallic glasses ( Zhang et al., 2005 ), 
but with no such correlations. 

Furthermore, we demonstrated that high activation strengths for dislocation sources, and given that the unstrained sam- 
ples are mechanically annealed, lead to the absence of size effects and universal plastic flow across sample widths and 
aspect ratios. It is important to note that this size independent regime for strong dislocation sources should exist for any 
dislocation source density because of the fact that the weakest of these very strong sources will dominate the plastic be- 
havior of the sample (irrespective of their location). We identified the reason of this behavior to originate in the onset of 
large dislocation frustration along a predominant slip band in the sample. Such crackling slip bands resemble the onset of 
coarse shear bands (CSBs) in crystal plasticity. 



•  Weak sources (left): cutoff dependent on sample size 
•  Size effect; larger events for thin samples, τ=1.5 

•  Strong sources (right): constant cutoff 
•  No size effect; event distribution independent of size; τ=1.9 
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Fig. 9. Events statistics for different source strength τ nuc (obstacle strength τobs = 300 MPa with 20% SDV). The size of the symbol stands for w from 1 µm 
(largest symbol) to 0.125 µm (smallest symbol). (a) When τnuc = 50 MPa , (b) when τnuc = 300 MPa , blue lines are the statistics for w = 0 . 25 µm with 
different aspect ratios, symbol size stands for the value of aspect ratio. (For interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.) 
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Fig. 10. (a) Dislocation configuration (plotted in undeformed configuration), and (b) distribution of strain along the loading direction (plotted in deformed 
configuration) in a sample of w = 1 µm , α = 4 with an average source strength of 50 MPa at 5% strain. 

dynamics is dominated by the yielding of a primary slip band with high dislocation density and large frustration between 
oppositely signed dislocations. This can be seen, for example, in Fig. 11 where most activity originates in the large dislo- 
cation density at the slip planes near the shear band, dominated by both dislocation signs on nearby but on different slip 
planes. This is a novel regime of dislocation friction in dislocation dynamics, where the frictional “contacts” are formed by 
high concentrations of oppositely-signed dislocations. The result is a self-organized dynamical critical behavior, analogous 
to self-organized earthquake faults ( Fisher, 1998 ): the motion of a few dislocations on the predominant slip plane drags 
along a large collection of nearby dislocations. This structural behavior is reminiscent of the coarse-slip-band (CSB) phe- 
nomenon ( Asaro and Rice, 1977 ) which is believed to lie at the core of crystal plasticity instabilities ( Dao and Asaro, 1996 ). 
This behavior should be contrasted to the more homogeneous deformation in the case of weak sources ( cf. Fig. 10 ). 

[Papanikolaou, Song, van der Giessen, J. Mech. Phys. Solids (2017)] 



•  The microstructure of the material is 
inhomogeneous 
•  Dislocation patterns 
•  Random impurities 
•  Grain structure 
•  The local strength (yield stress) is inhomogeneous 

in space 

•  Representing internal disorder 
•  Via a local yield threshold 
•  RVE size comparable to the scale of disorder 

•  Deformation will always occur at the ‘weakest’ 
site 
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Fractal Dislocation Patterning During Plastic Deformation
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During the later stages of plastic deformation, strain hardening of face-centered cubic metals goes
along with the formation of cellular dislocation patterns appearing on various scales. The paper presents
an analysis of the fractal geometry of these dislocation structures. A theoretical model is presented
according to which dislocation cell formation is associated with a noise-induced structural transition far
from equilibrium. The observed fractal dimensions are related to the stochastic process of dislocation
glide, and implications for quantitative metallography are discussed. [S0031-9007(98)07147-6]

PACS numbers: 62.20.Fe, 05.40.+ j, 61.72.Ff

The performance of solid materials is usually affected by
the presence of defects: point defects, dislocations, cracks,
and phase and grain boundaries. In some cases classi-
cal methods of materials characterization (e.g., in terms of
mean particle size, average dislocation density, etc.) fail
to describe properly defect microstructures which exhibit
features of both randomness and heterogeneity. Owing
to a high degree of disorder on various scales, stochas-
tic methods are then needed to characterize and, possibly,
predict and control the structural features. Fractal analy-
sis then provides a tool to account for multiscale behavior
and, hence, to address the important question of how the
macroscopic properties of a material relate to its micro-
scopic defect structure, e.g., the particle size distribution
of dispersion strengthened materials or the arrangement of
grains in multiphase materials [1]. In the present work,
fractal analysis is applied for the first time to deformation-
induced dislocation cell structures which are characterized
by a hierarchy of mesoscopic scales (ranging from say 0.1
to 10 mm) [2]. The results are interpreted in terms of a
stochastic dislocation dynamical model of cell formation.
The flow stress of metals deforming plastically by dis-

location glide is governed by dislocation-dislocation inter-
actions [3]. During deformation dislocations accumulate
in the crystal which gives rise to work hardening. At the
same time cellular dislocation patterns may develop spon-
taneously. These patterns consist of dislocation-rich “cell
walls” separating dislocation-depleted cell interiors. Al-
though the actual aspects of the cell structures depend on
various extrinsic (e.g., strain rate, temperature, crystal ori-
entation) and intrinsic (crystal structure, stacking fault en-
ergy, chemical composition) parameters, the propensity to
dislocation patterning and its relation to work hardening
are common to various materials.
Figure 1 shows a transmission electron micrograph of a

cellular dislocation structure in a Cu single crystal de-
formed in tension. One notes the absence of a well-defined
scale, as cells of various sizes appear. Obviously, the aver-
age cell size that is usually referred to in the metallurgical
literature is not representative of this microstructural mor-
phology. To verify the fractal nature of these structures,

Cu single crystals are considered after tensile deformation
along a f100g axis, i.e., a symmetric multiple slip orien-
tation leading to isotropic dislocation structures [5]. The
crystals had been deformed at room temperature (strain rate
5 3 1025 s21) to stresses (resolved shear stress in the ac-
tive slip systems) text ≠ 37.3, 68.2, and 75.6 MPa, and
micrographs taken from sections parallel and normal to the
tensile axis [6]. In addition, comparable micrographs from
the literature have been considered (Cu f100g deformed to
text ≠ 52 [7], 67 [7], and 75.6 MPa [4]).
The micrographs were digitized to obtain binary maps

of the cell walls (“black”) and cell interiors (“white”). To
estimate the fractal dimension, the box-counting method
was applied: For grids of square boxes with edge length
Dx, the number NsDxd of boxes containing at least one
pixel of a cell wall is determined. A relation NsDxd ,
Dx

2DB defines the “box-counting” dimension DB. For
the cell patterns investigated, double-logarithmic plots of
NsDxd 3 Dx

2 vs Dx reveal three distinct regimes (see
Fig. 2): (i) At very small Dx, N , Dx

22, i.e., the slope
of the plot becomes small. This is a consequence of the
areal character of the cell walls which shows up at small
scales. (ii) At intermediate Dx, linear scaling regimes

FIG. 1. Transmission electron micrograph of the dislocation
cell structure of a Cu single crystal after tensile deformation
along a f100g direction at room temperature to a stress of
75.6 MPa. After Mughrabi et al. [4].

2470 0031-9007y98y81(12)y2470(4)$15.00 © 1998 The American Physical Society



Simple local shear deformation: 
•  Shear stress increases above the local yield threshold 
•  Plastic deformation: Slip along a single plane 
•  The local yield threshold changes due to the changed microstructure 
•  The slipped cell generates 1/r2 type elastic stress (Eshelby inclusion problem) 

Zaiser, Moretti, J. Stat. Mech., 2005 
Talamali et al., PRE, 2011 
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•  Shear stress field for large distances:  
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•  Cutoff divergence as external stress (τext) tends to the 
critical threshold (τc) 

[Zaiser, Moretti, JStat (2005)] 
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Fluctuation phenomena in crystal plasticity—a continuum model

Figure 6. Probability distributions of slip avalanche sizes (probability density
p(∆E) versus energy release ∆E) as obtained from an ensemble of systems of
size 256 × 256. Left: distributions corresponding to different stresses; right:
universal distribution obtained by rescaling ∆E → ∆E(1 − τext/τc)2; full line:
theoretical curve (equation (23)).

this upper limit and hence the average avalanche size diverge. Distributions obtained at
different applied stresses τext can be collapsed into a single universal distribution if the
energy releases are rescaled by a factor (1 − τext/τc)1/σ where σ ≈ 0.5 (figure 6, right).
The results for the susceptibility and the avalanche statistics are not independent since
the susceptibility is proportional to the average avalanche size. We therefore expect it to
diverge like χ ∝ (τc − τ)−(2−κ)/σ . With κ ≈ 1.4 and σ ≈ 0.5 we find θ = (2 − κ)/σ ≈ 1
in agreement with equation (22). The exponents κ, θ and σ can be understood in terms
of mean-field depinning (see e.g. [4] or [18]), as the theoretical values θ = 1, σ = 0.5 and
κ = 1.5 are in good agreement with the present simulation results. The theoretically
predicted avalanche size distribution for mean-field depinning is

p(∆E) ∝ ∆E−1.5 exp

[
−

(
∆E

∆Ec

)2
]

, (23)

which again compares well with the results of the simulations (figure 6).

4.2. Influence of hardening

To introduce hardening with a non-dimensional hardening coefficient Θ into our model,
we use two approaches: (i) we increase the amplitude of the internal stress fluctuations
(i.e., the width of the probability distribution of δτ) in proportion with the local strain
by an amount Θγ/τc(Θ = 0); (ii) we leave the width of the distribution unchanged but
shift the mean value by an amount Θγ that is again proportional to the local strain. Both
methods result in stress–strain graphs similar to those depicted in figure 7: the asymptotic
behaviour changes, as the horizontal tangent of the stress–strain graph is replaced by a

doi:10.1088/1742-5468/2005/08/P08004 13

•  Dislocation density is constant: no patterns 
•  Length of RVE? Is there an internal correlation length? 
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•  Avalanche size s is the 
area swept 

•  The size distribution 
depends on the force (F) 
and system size (L) 

•  The cutoff s0 diverges at 
force F = Fc: 

•  The average avalanche 
size ⟨s⟩ diverges at Fc 

•  Finite size effects near 
Fc: 

•  Mean-field case: 
•  τ = 1.5 
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2D DDD 
•  Parallel edge dislocations in single slip 
•  Periodic boundary conditions 
•  Number of dislocations: N 
•  Sign of dislocations: si = ±1 
•  Stress-field of an individual 

dislocation: σxy

•  Overdamped motion: 
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•  Energy of a straight edge dislocation:   𝐸=𝐺​𝑏↑2 ln ​𝐿/​𝑟↓c   
•  𝐺= ​𝜇/4𝜋(1−𝜈) , L: crystal size, rc: core radius, b: Burgers vector 

•  Energy density of N randomly positioned straight 
edge dislocations:    
•  The stored energy density is system size dependent 
•  The width of the Bragg peaks is also proportional to 

ln(L) 

M. Wilkens, 1969 

•  Dislocation systems cannot be 
completely random: there must be 
spatial correlations 





•  Equilibrium dislocation 
configurations are not random: 
they are characterized by 
short-range ordering 

•  Equilibrium positions of a 
dislocation pair: 
•  Opposite sign: 

dislocation dipole 

•  Same sign: 
dislocation wall 



[M. Zaiser et al., PRB, (2002)] 

d++ 

•  Spatial correlation functions: dislcoation density around a 
randomly chosen dislocation : 
•  d+–: relative of the opposite sign dislocations 
•  d++: relative of the same sign dislocations, d++(0,y)∝|y|–1.5  

d+– 



τrandom τscreened 

•  Elastic energy density of a random dislocation arrangment is 
superextensive 

•  Local correlations screen the average stress around each 
dislocation 

[Groma et al., PRL, (2006)] 



F. F. Csikor et al., JSTAT, 2009 ; P. D. Ispánovity et al., PRL, 2011 
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•  Average absolute velocity: 

•  The cut-off tc diverges with 
system size 



•  P(v,t): Distribution of dislocation velocities v at time t 
•  Inverse cubic tail (from theory as well) 
•  Tends to a δ-function as t  

•  Scaling property: 

P. D. Ispánovity et al., PRL, 2011 

P (v, t) = t↵f(t↵v) ) h|v(t)|i / t↵
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•  τext < τc


• N = 128


t


τext




Strain rate: 
•   

(Andrade creep law) 
•    
•  cut-off diverges with 

sytem size 

Velocity distribution: 

•  Both the symmetric and 
asymmetric part follows 
scaling 

P. D. Ispánovity et al., PRL, 2011 
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•  Relaxation at different set-ups show slow, power-law relaxation 
everywhere below the yield stress 

•  The cut-off time diverges with the system size 
•  The velocity distributions obey simple scaling relations 

•  There is no time scale in the system (except for the scale due to 
finite system size) 

•  The system behaves as if it was critical everywhere below the 
yield stress 





Dependence on the applied 
stress (N = 4096) 
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Dependence on the system 
size (σext = 0.316) 

•  Avalanche size s is the total area swept 
•  System size:  L =

p
N

Ispánovity, Laurson, Zaiser, Groma, Zapperi, Alava, PRL, 2014 



Strain burst size distribution: 

Cutoff scaling: 
 
 
Parameters: 
•  Avalanche size exp.: τ ≈ 0.97 
•  System size exponent: β ≈ 0.36 
•  Stress scale: σ0
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Cutoff behaviour:  
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•  τ ≈ 1.0 
•  β ≈ 0.4 



•  Avalanche shape 
following the Eshelby 
directions 

•  1/r decay 
•  No cutoff in the 

avalanche shape 

Fig. 2(d), the integrated distribution (where avalanches with
all stress values are considered together) exhibits a larger
exponent τint ≈ 1.3, in line with a recent reanalysis of
experimental micropillar compression data [33]. Moreover,
the inset of Fig. 2(d) shows that in the CTD model the
avalanche size scales with the duration as s ∝ Tγ , with
γ ≈ 1.32 clearly different from the MFD value of 2.
(ii) According to Eq. (3), the cutoff s0 increases with

system size even at very small applied stress like s0 ∝ Nβ

with β ≈ 0.4.
(iii) The cutoff s0 does not diverge at a certain external

stress, rather it exhibits an exponential stress dependence.
The fundamental difference between the present and

depinning behavior is highlighted in Fig. 1, where the
average avalanche size is compared for the CA DDDmodel
with ED and a simple depinning model. In the latter an
elastic line with 1=r-type self-interaction is driven through
a random pinning field [34].
Equation (3) implies that the cutoff of the plastic strain

bursts Δγ scales as Δγ0 ¼ s0=L2 ∝ Nβ−1 ¼ L2β−2. Since
β < 1, with increasing system size the plastic strain events
get smaller, in line with the experimental evidence that
macroscopic plasticity is a smooth process. We note that a
similar scaling form (with β ≈ 0.5) has been proposed for
systems deforming in the strain hardening regime above the
yield stress [2,35]. The remarkable new finding here is that
the same scaling also holds for very small stresses far below
the yielding threshold. Furthermore, the energy dissipated
during an avalanche (at a given external stress) scales as
E ∝ σextΔγL2 ¼ σexts [9]; i.e., it diverges for large spec-
imens at any applied stress. This is in accordance with
acoustic emission results obtained during creep experi-
ments on large ice single crystals showing that, even for
resolved shear stresses far below the yield stress, the energy
E of the acoustic events exhibits a power-law distribution
that spans more than 6 orders of magnitude without any
apparent cutoff [4,5]. It needs to be mentioned, that the
measured power-law exponent κE is larger than the one
obtained in this Letter (κE ≈ 1.6 opposed to τint ≈ 1.3), but
since no experimental evidence supports E ∝ Δγ, such an
equality does not necessarily hold.
Thus, our results demonstrate that there are system size

effects at every stress level. To understand their origin we
consider dynamic correlations in the motion of disloca-
tions. To this end, we analyze the spatial structure of the
avalanches in terms of the average spatial distribution of the
plastic strain γðrÞ produced during an avalanche and its
angular average γðrÞ [these quantities relate to the ava-
lanche size by s ¼

R
γðrÞd2r ¼

R
2 πrγðrÞdr]. To deter-

mine average values of these quantities, we shift the
avalanche initiation points (taken to be the location of
the fastest dislocation when V th is exceeded) into the origin
of a Cartesian coordinate system and then average the
superimposed strain patterns over multiple avalanches.
Figure 3 demonstrates that γðrÞ exhibits a strongly

anisotropic structure and decays slowly along the x and
y axes. Averaged over all directions, the radial decay is of
1=r type regardless of the avalanche size s. This indicates
that the long-range stress fields of the moving dislocations
are not fully screened (contrary to what is observed in
equilibrium [36,37]), leading to highly nonlocal spreading
of avalanches. Thus, even at low stresses avalanches are
influenced by the finite system size, naturally leading to an
L-dependent slip avalanche cutoff. The fact that this cutoff
diverges with increasing L indicates that in the thermody-
namic limit the system is scale-free in the dynamic sense
even for small applied stresses. Analogous conclusions
were drawn regarding the time scales of this system by
investigating various relaxation scenarios [26].
To conclude, we have established that the statistics of

slip avalanches in simple 2D DDD models is inconsistent
with a depinning transition. Fundamental differences
between the behavior of dislocation systems and the
interface depinning scenario are manifested by the behavior
of the cutoff of the avalanche size distribution which, rather
than diverging at some critical stress σc, scales exponen-
tially with stress but diverges with system size at every
stress. In addition, the avalanche exponent τ ≈ 1.0 is
inconsistent with MFD. These scale-free properties add
to other typical glassy features observed for dislocations,
such as slow relaxation [26,32,38] and aging [39].
While we have demonstrated that the equation

yielding ¼ depinning is not generally valid, it is important
to note that real dislocation systems are composed of
flexible lines moving in three dimensions and their behav-
ior may differ from the present, highly idealized 2D
models. In addition, in this Letter pure crystals were
considered, but a high level of a quenched pinning field
(such as impurities) may change the behavior [40]. At
larger stresses or strains further phenomena may affect the
dynamics of the system, such as thermal effects or the

FIG. 3 (color online). Average spatial distribution of the
avalanche plastic strain determined for avalanches occurring at
σext ≈ 0.08 in the CTD model for N ¼ 2048. Main figure: Radial
decay of the angle-averaged plastic strain for avalanches of
different sizes. Inset: Strain pattern γðrÞ averaged over all
avalanches.
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•  Exponent τ is 
different 

•  Stress-
dependence 
is different 

•  Size effects 
are different 

Pinning Jamming
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•  In the thermodynamic limit s0 → ∞ 
at every applied stress 

•  The length scale s0 is due to a 
system size effect 

•  There is scale-free behaviour but no 
critical point 

•  Compatible with AE measurements 
on pure hcp materials 

γ = L2β−2 exp(σ ext /σ 0 )



•  Glassy avalanche 
distributions in 3D DDD 
simulations 

•  Power-law distributions 
for the local yield stress (in 2D and 
3D) 
•  Only one dislocation 

or a local region is 
excited 

•  The exponent θ 
dependes on 
loading rate 

[Lehtinen, Costantini, Alava, Zapperi, Laurson, PRB (2016)] 
[Ovaska, Lehtinen, Alava, Laurson, Zapperi, PRL (2017)] 

GLASSY FEATURES OF CRYSTAL PLASTICITY PHYSICAL REVIEW B 94, 064101 (2016)

FIG. 2. (a) Main panel: stress-integrated avalanche size dis-
tributions PINT(s) for different N0. The data is fitted with the
crossover scaling form [Eq. (1), solid lines], revealing two power law
regimes, with small avalanches [an example V (t) signal shown in
(b)] characterized by τ eff

s,INT = 1.75 ± 0.03, while larger avalanches
[an example V (t) signal shown in (c)] have τs,INT = 1.52 ± 0.04
(for N0 = 80; considering smaller N0 yields similar results). For
comparison, the dash-dotted line corresponds to the mean-field result
τs,INT,MF = 2. The inset of (a) displays the ⟨s(T )⟩ relation, with
γ = 1.50 ± 0.02 and γ eff = 1.11 ± 0.02 for T ≫ T ∗ and T ≪ T ∗,
respectively.

the 3D DDD simulations for different N0; These exhibit two
power law regimes, with a crossover scale s∗ separating scaling
regimes of “small” and “large” avalanches; analysis of the
strain burst distributions P (s ′) (Supplemental Material [24])
shows that s∗ corresponds roughly to the characteristic strain
burst size s ′

1 ∝ 1/N0, i.e., the strain accumulated due to one
dislocation moving one average dislocation spacing. Thus, our
data is well described by a crossover scaling form [28]

PINT(s) = As−τs,INT

e

(
s
s0

)b

[
1 +

( s

s∗

)(τs,INT−τ eff
s,INT)κ

] 1
κ

, (1)

where κ controls the sharpness of the crossover between
the two power laws with exponents τs,INT and τ eff

s,INT, and
s0 is the cutoff avalanche size, arising here due to the
maximum strain reached in the simulations. We find τs,INT =
1.52 ± 0.04 for s ≫ s∗ in the N0 = 80 system (similar values
are obtained for smaller N0), spanning almost three orders
of magnitude, while for s ≪ s∗ a larger effective exponent
τ eff
s,INT = 1.75 ± 0.03 ensues. The latter avalanches are small

and temporally asymmetric [typically consisting of a small
jump of an individual dislocation, followed by relaxation, see
Fig. 2(b)] like avalanches triggered by local perturbations in
a 2D DDD model [18]. Experimental values are scattered
around τs,INT = 1.5, with some variation between different
experiments [5,6,10–12], in good agreement with our large-
avalanche regime [see also Fig. 2(c)]; notice that due to limited
resolution, the small-avalanche regime is not accessible in
typical experiments.

In the inset of Fig. 2(a), we show the scaling of the average
avalanche size ⟨s(T )⟩ with the avalanche duration T ; again two
scaling regimes can be observed, and fitting a crossover scaling

FIG. 3. Stress-resolved avalanche size distributions P (s,σ ) for
different stress levels σ (main figure; open and filled symbols
correspond to N0 = 40 and 80, respectively). The data is fitted
with the crossover scaling form of Eq. (1) (solid lines), revealing
τs = 1.18 ± 0.06 for s ≫ s∗, and a larger effective τ eff

s = 1.80 ± 0.04
for s ≪ s∗ (for N0 = 80; smaller N0’s yield similar values). The inset
shows the average avalanche size ⟨s⟩Dtot as a function of σ for various
N0, revealing a roughly exponential σ dependence, and an increasing
average avalanche size with N0 at a fixed σ .

form ⟨s(T )⟩ = BT γ [1 + (T/T ∗)(γ eff−γ )κ ]1/κ to the N0 = 40
data results in γ eff = 1.11 ± 0.02 for T ≪ T ∗ ≈ 12, and
γ = 1.50 ± 0.02 for T ≫ T ∗; the latter may be contrasted
with the mean-field depinning value γMF = 2. The large
avalanche regime has a system size dependent prefactor which
can be scaled away by considering an alternative, “extensive”
measure of the avalanche size, e.g., the accumulated slip
⟨d⟩ ≡ ⟨s⟩L2 (Supplemental Material [24]).

It has been proposed that observations of τs,INT ≈ 1.5
may be compatible with mean-field depinning if, due to
back stresses induced by strain hardening, the system is
constantly pushed towards a critical yield stress, in the spirit
of self-organized criticality (SOC) [7,29,30], resulting in a
stationary avalanche process. In Fig. 3, we consider the
stress-resolved avalanche size distributions, i.e., P (s; σ ) of
avalanches within stress bins centered at σ , as also reported
for some experiments [8,9]. Fitting the scaling form of Eq. (1)
to the P (s; σ ) distributions [with substitutions PINT(s) →
P (s; σ ), τs,INT → τs , and τ eff

s,INT → τ eff
s ] reveals a large-

avalanche exponent τs < τs,INT, a signature of nonstationary
avalanche processes [31]; for the largest stress bin in Fig. 3, we
obtain τs = 1.18 ± 0.06, while for s ≪ s∗, a larger effective
τ eff
s = 1.80 ± 0.04 is again observed (N0 = 80; smaller N0’s

yield similar values). The avalanche cutoff scale s0(σ ) grows
with the stress level σ . This, together with the fact that the
τs exponent is significantly smaller than the mean-field [8]
or ABBM [23] value of 1.5 (notice that we have eliminated
possible rate effects by employing the quasistatic driving
protocol, and also verified the independence of the results
on the stress rate, see Supplemental Material [24]), provides
strong evidence suggesting that our avalanches cannot be
described by mean-field depinning. The same values for τs

064101-3

exponents have been observed also in elastoplastic models
for amorphous materials [19]. It is worth pointing out that
in the case considered in Fig. 2(a), all the dislocations are
able to respond to the local stress perturbation via the long-
range dislocation-dislocation interactions, and thus it some-
times happens that the dislocation activity induced by the
local stress is not localized in the immediate vicinity of the
dislocation subject to the perturbation; this is illustrated by
Movie 1 (Supplemental Material [27]). For comparison,
Fig. 2(b) shows the corresponding PðσexÞ’s in a system
where all the other dislocations, except for the one directly
subject to the stress perturbation, are kept fixed, in analogy
to the procedure employed when considering various lattice
models of amorphous plasticity [18]. While the PðσexÞ’s in

Fig. 2(b) look qualitatively somewhat different from those
shown in Fig. 2(a), showing in particular a weaker overall
dependence on the stress rate σt, the σt-dependent exponent
θ nevertheless assumes similar values in both cases: even
the single-dislocation excitations display singular charac-
teristics. In all these cases the spectra show that creating
excitations becomes harder with higher stress rates: a larger
σex is typically required for a larger σt.
In the presence of quenched disorder, the behavior

described above for the pure dislocation systems should
change. We show in Fig. 3(a) the PðσexÞ’s for a system with
a quenched pinning field generated by randomly distributed
pinning centers of “intermediate” strength, with A ¼ 0.1
and Ns=L2 ¼ 0.8b−2 chosen to transform the glasslike
jamming scenario of pure dislocation systems into a
depinninglike problem, but the disorder is not so strong
that it would eliminate the scale-free nature of the ava-
lanches (see Ref. [11] for details); we consider the same
three stress rates as above to apply the local perturbation.
One may make two main observations: (i) the exponent θ
assumes lower stress-rate-dependent values as compared to
the pure dislocation system and (ii) the power laws
exhibited by the PðσexÞ’s appear to have low-σex cutoffs;
hence, we fit the data with the function PðσexÞ ∝
σθex exp½−ðσ0=σexÞα%, where σ0 is the cutoff stress scale.
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FIG. 1. Idea of the 2D and 3D DDD simulations used to probe
the stability of dislocation assemblies against local stress pertur-
bations. (a) Example from a 2D DDD simulation, where a single
dislocation (surrounded by a small circle) is subject to a linearly
increasing local external stress σ (indicated by the arrow), with
the color code corresponding to the instantaneous velocity of the
dislocations, showing that the dislocation activity tends to spread
beyond the dislocation directly subject to the perturbation.
(b) Example of the strain rate versus stress graph, along with
an illustration of the procedure to define an excitation by
thresholding the strain rate signal. (c) Example of the 3D
dislocation system, with the red sphere corresponding to the
location where the local external stress σ is being applied to excite
dislocation activity.
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FIG. 2. Excitation spectra PðσexÞ from 2D DDD simulations for
three different stress rates σt (indicated in the legend) for pure
dislocation systems. (a) PðσexÞ for systems where all the
dislocations are allowed to move, while in (b) the corresponding
data for systems where only the dislocation subject to the local
stress perturbation is mobile are displayed. All distributions are
singular (θ > 0) for small σex, with the lines corresponding to fits
of the form of PðσexÞ ∝ σθex.
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Glassy features of crystal plasticity
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Crystal plasticity occurs by deformation bursts due to the avalanche-like motion of dislocations.
Here we perform extensive numerical simulations of a three-dimensional dislocation dynamics model
under quasistatic stress-controlled loading. Our results show that avalanches are power-law dis-
tributed, and display peculiar stress and sample size dependence: The average avalanche size grows
exponentially with the applied stress, and the amount of slip increases with the system size. These
results suggest that intermittent deformation processes in crystalline materials exhibit an extended
critical-like phase in analogy to glassy systems, instead of originating from a non-equilibrium phase
transition critical point.

PACS numbers: 81.40.Lm, 61.72.Lk, 68.35.Rh, 81.05.Kf

INTRODUCTION

Plastic deformation of crystalline solids, mediated by
the stress-driven motion of crystal dislocations, has been
shown to be a highly heterogeneous and wildly fluctuat-
ing process [1–3], in analogy to numerous other driven
systems exhibiting “crackling noise” [4]. Broad, power-
law like distributions of strain bursts are observed in ex-
periments on micron-scale samples [5–13], and the same
is often true for acoustic emission (AE) amplitudes in
the case of larger specimens [14–16]. While the bursty
nature of crystal plasticity is a well established fact, the
question of its nature and origin remains a subject of a
lively debate [8, 9, 17].

To address such questions in an appropriate fashion,
high quality numerical studies of realistic discrete dislo-
cation dynamics (DDD) models, capturing the avalanche-
like deformation process, are essential [7, 17–19]. The
majority of DDD studies of dislocation avalanches have so
far been performed using relatively simple and computa-
tionally e�cient 2D systems, describing point-like cross-
sections of ensembles of straight, parallel edge disloca-
tions [17–19]. Real three-dimensional plastically deform-
ing crystals are not described in all their aspects by the
2D DDDmodels [20]. In 3D, dislocations are flexible lines
(exhibiting in general a mixture of edge and screw char-
acter) gliding along multiple slip planes, and interact-
ing in addition to the long-range elastic stress fields also
via various short-range dislocation reactions [21] (junc-
tion formation, annihilation, etc.). During the deforma-
tion process dislocation density typically increases due to
e.g. growth of dislocation loops, and via the activation of
Frank-Read sources, thus leading to strain hardening of
the material. It is tempting to attribute the complexity
to an underlying phase transition with divergent corre-
lations, so that for high stresses above the yield stress
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FIG. 1. (color online) (a) The average stress-strain curves �(✏)
for di↵erent system sizesN

0

, revealing a size e↵ect (“smaller is
stronger”). (b) Examples of individual, staircase-like stress-
strain curves, also showing the definition of a strain burst
avalanche size s0 = �✏. (c) Average evolution of the dis-
location density ⇢ with ✏. (d) An example of the dislocation
configuration with N

0

= 40, deformed up to ✏ = 3 b⇢0.5. (e) A
typical time series of the average dislocation velocity hV i(t);
the red area under a burst shows an example of the definition
of the size s of a velocity avalanche.

continuous flow would ensue. A scaling picture related
to mean-field -like behavior (due to long-range interac-
tions) and a pinning/depinning transition (arising from
the mutual interactions among moving and jammed dis-
locations), has been proposed [7–9]. However, disloca-
tions do not in general move in the presence of a static
pinning field, and therefore they tend to “jam” instead
of getting pinned; moreover, their mutual interactions
are anisotropic and non-convex, implying that e.g. the
no-passing theorem would not be applicable.

In this work, we present results from an extensive study
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exponents have been observed also in elastoplastic models
for amorphous materials [19]. It is worth pointing out that
in the case considered in Fig. 2(a), all the dislocations are
able to respond to the local stress perturbation via the long-
range dislocation-dislocation interactions, and thus it some-
times happens that the dislocation activity induced by the
local stress is not localized in the immediate vicinity of the
dislocation subject to the perturbation; this is illustrated by
Movie 1 (Supplemental Material [27]). For comparison,
Fig. 2(b) shows the corresponding PðσexÞ’s in a system
where all the other dislocations, except for the one directly
subject to the stress perturbation, are kept fixed, in analogy
to the procedure employed when considering various lattice
models of amorphous plasticity [18]. While the PðσexÞ’s in

Fig. 2(b) look qualitatively somewhat different from those
shown in Fig. 2(a), showing in particular a weaker overall
dependence on the stress rate σt, the σt-dependent exponent
θ nevertheless assumes similar values in both cases: even
the single-dislocation excitations display singular charac-
teristics. In all these cases the spectra show that creating
excitations becomes harder with higher stress rates: a larger
σex is typically required for a larger σt.
In the presence of quenched disorder, the behavior

described above for the pure dislocation systems should
change. We show in Fig. 3(a) the PðσexÞ’s for a system with
a quenched pinning field generated by randomly distributed
pinning centers of “intermediate” strength, with A ¼ 0.1
and Ns=L2 ¼ 0.8b−2 chosen to transform the glasslike
jamming scenario of pure dislocation systems into a
depinninglike problem, but the disorder is not so strong
that it would eliminate the scale-free nature of the ava-
lanches (see Ref. [11] for details); we consider the same
three stress rates as above to apply the local perturbation.
One may make two main observations: (i) the exponent θ
assumes lower stress-rate-dependent values as compared to
the pure dislocation system and (ii) the power laws
exhibited by the PðσexÞ’s appear to have low-σex cutoffs;
hence, we fit the data with the function PðσexÞ ∝
σθex exp½−ðσ0=σexÞα%, where σ0 is the cutoff stress scale.
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FIG. 1. Idea of the 2D and 3D DDD simulations used to probe
the stability of dislocation assemblies against local stress pertur-
bations. (a) Example from a 2D DDD simulation, where a single
dislocation (surrounded by a small circle) is subject to a linearly
increasing local external stress σ (indicated by the arrow), with
the color code corresponding to the instantaneous velocity of the
dislocations, showing that the dislocation activity tends to spread
beyond the dislocation directly subject to the perturbation.
(b) Example of the strain rate versus stress graph, along with
an illustration of the procedure to define an excitation by
thresholding the strain rate signal. (c) Example of the 3D
dislocation system, with the red sphere corresponding to the
location where the local external stress σ is being applied to excite
dislocation activity.
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FIG. 2. Excitation spectra PðσexÞ from 2D DDD simulations for
three different stress rates σt (indicated in the legend) for pure
dislocation systems. (a) PðσexÞ for systems where all the
dislocations are allowed to move, while in (b) the corresponding
data for systems where only the dislocation subject to the local
stress perturbation is mobile are displayed. All distributions are
singular (θ > 0) for small σex, with the lines corresponding to fits
of the form of PðσexÞ ∝ σθex.

PRL 119, 265501 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending

29 DECEMBER 2017

265501-3



•  A new length-scale leads to: 
•  jamming → pinning → Gaussian dynamics 
•  A gap in the local threshold distribution 

[Ovaska, Laurson, Alava, Sci. Rep. (2015)] 
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to depinning-like criticality with non-trivial exponents, and another where critical behaviour is absent 
due to strong screening. The fundamental issues concern now the details of the phase diagram, the 
cross-overs from jamming to pinning and vice versa, and the precise location of the point where the 
jammed, pinned, and the flowing phases meet.

Which of the three phases is observed for a specific crystal should depend on the densities of disloca-
tions and pinning centres, and on the pinning strength induced by the latter: the fluctuating dynamics of 
a mobile dislocation is controlled by the spatial fluctuations of the forces of different origins experienced 
by it as it moves, i.e. those originating from dislocation interactions (a dynamic quantity), and from 
interactions with the static pinning centres. For instance, decreasing the dislocation density in a system 
with a fixed concentration and strength of pinning centres will eventually lead to a situation where pin-
ning forces experienced by the dislocations dominate over those due to dislocation interactions. Another 
consequence of adding a quenched pinning field is given by the introduction of a microscopic disor-
der length-scale to the otherwise scale-free dislocation system, implying that the disordered dislocation 
system is not in the “similitude regime”33: an extreme manifestation of this is given by the lack of scale 
invariance of the strain bursts for very strong disorder.

Our study has been confined to the 2d case for the basic reason that collecting the large avalanche 
statistics needed in 3d DDD simulations is numerically much more challenging. There, in the absence 
of disorder, mean-field -like exponents have been claimed - although stress-resolved avalanche distribu-
tions were not considered in7 - and it follows naturally from our results that one expects to find the two 
screened phases also there, with the introduction of point-like pinning centres. In 3d systems, further 
complications may arise due to forest hardening: immobile dislocations on inactive slip systems could 
have a similar effect as our quenched pinning centres, possibly leading to pinning-dominated disloca-
tion dynamics even in the absence of additional impurities such as solute atoms or precipitates. In BCC 
metals, also sufficiently strong Peierls barriers may have a similar effect. Two-dimensional systems such 
as colloidal crystals34 may provide relevant experimental systems to directly test our results. Note that a 
similar set of exponents to the one observed here for the intermediate disorder strength case was found 
very recently in a 2d amorphous plasticity model35, suggesting a possibility of a broad universality class 
of plastic deformation, where microscopic details are irrelevant.

A most important practical conclusion is that the micro-structure of materials with dislocation activ-
ity may induce discrete qualitative changes in the bursty deformation dynamics: jamming or pinning. 
The depinning phase should give rise to usual phenomena such as thermally assisted creep36 and glassy 
relaxation37, which relate to the critical exponents of the transition, and where the spatial correlations 
(point- or line-like and so forth) of the disorder are relevant. An obvious further generalisation of our 
study is to time-dependent disorder, such as diffusing solute fields38, where phenomena such as the 
Portevin-Le Chatelier effect should ensue39,40.

Methods
2D DDD model with pinning. The 2d DDD model we study is a development of other models stud-
ied in the literature26,27, with the addition of a random arrangement of Ns quenched pinning centres. It 
represents a cross section (xy plane) of a single crystal, with a single slip geometry, and straight parallel 
edge dislocations along the z axis. The Nd edge dislocations glide along directions parallel to their Burgers 
vectors b =  ± bux, where b is the magnitude and ux is the unit vector along the x axis. Equal numbers 
of dislocations with positive and negative Burgers vectors are assumed, and dislocation climb is not 
considered: The latter is a good approximation for low temperatures41,42. The dislocations interact with 
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to be the avalanche size s, and we also consider the statistics of the avalanche durations T. Once V(t) <  Vth, 
and the avalanche has finished, the stress is again ramped up at a rate σext,t, until the next avalanche is 
triggered.

The results obtained in the limit of a small threshold value Vth =  10−4 in Fig. 3 show that the data is 
described by the scaling

σ( , ) ∝ ( / ), ( )τ−P s s f s s 1ext 0
s

where τs =  1.30 ±  0.03 and s0 ∝  (σc −  σext)−1/σ, with 1/σ =  1.90 ±  0.04. Notice that this behaviour, while in 
agreement with the standard depinning scaling picture, is fundamentally different from that observed in 
the corresponding pure system, where s0 is proportional to the exponential of the applied stress, 
s0 ∝  exp(σext/σ0), and the power law exponent τs has a lower value τ ≈ 1.019. We have checked that τs, as 
well as the cutoff of the distribution of slip sL2, are independent of the system size (see Supplementary 
Figs. S1 and S2). The latter result is again in contrast to the pure system results, where the slip distribu-
tion cutoff was found to exhibit a power law dependence on the number of dislocations, or the system 
size19. Our estimates of τs and 1/σ are close but not equal to their mean-field depinning values (3/2 and 
2, respectively)20. The inset of the upper panel of Fig.  3 shows the stress-integrated distribution 
( ) ∝ τ− ,P s sint

s int, with τs,int =  1.85 ±  0.10. τs,int obeys within error bars the scaling relation τs,int =  τs +  σ29, 
and is also in reasonable agreement with the exponent value describing the distribution of dissipated 
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study the effect of disorder on collective dislocation dynamics. To this end, we generalise the standard, 
two-dimensional (2d) DDD models26,27 to include a random arrangement of Ns quenched pinning cen-
tres. This random pinning landscape could be due to e.g. solute atoms with a low mobility; however, the 
detailed nature of the pinning centres is irrelevant for our conclusions, and in general one expects on the 
basis of the theory of depinning of elastic manifolds in random media that the microscopic details are 
not important11,20. A snapshot of the 2d system with pinning centres interacting with the dislocations28 
is shown in Fig. 1.

The disorder immediately widens the phase diagram of the DDD models at a constant applied stress 
so that the (candidate) order parameter, shear rate, becomes a function of both the applied shear stress 
and the relative strengths of the pinning and the dislocation-dislocation interactions. For strong enough 
disorder, we find a yielding transition that agrees with the standard depinning scaling scenario, exhibiting 
the typical signatures of power-law distributions for both avalanche sizes and durations, with the cut-offs 
of the distributions displaying power-law divergences at a critical applied stress: yielding becomes depin-
ning, and jamming becomes pinning. The set of critical exponents characterising these distributions 
is found to be different from that of mean field depinning. With still stronger disorder, the collective 
behaviour disappears, as is indicated by the qualitative phase diagram in the inset of Fig.  1. A special 
point of the phase diagram corresponding to the low-disorder limit is given by the corresponding pure 
system19, where the scaling behaviour is completely different from those of the above-mentioned two 
phases where pinning plays a role. We next explore these two novel phases, in particular by considering 
the scaling properties of dislocation avalanches.

Results
In order to address and characterise the various aspects of collective dislocation dynamics under the 
influence of disorder, we consider an extension of the standard 2d DDD model26,27 with single-slip geom-
etry, with the additional ingredient of a quenched pinning field, see Fig. 1 and Methods for details. The 
model consists of Nd edge dislocations with an equal number of positive and negative Burgers vectors 
(with the blue and red symbols in Fig. 1 corresponding to the signs of the Burgers vectors, sn =  +1 and 
−1, respectively), interacting via their long-range anisotropic stress fields, and gliding along the x direc-
tion within a square simulation box of linear size L. The quenched pinning field is modelled by includ-
ing Ns randomly distributed immobile pinning centres, or solute atoms (shown as black dots in Fig. 1), 
interacting with the dislocations with an interaction strength A. Overdamped dynamics is assumed, 
such that the velocity vn of the nth dislocation is proportional to the total stress (with contributions 
from interactions with other dislocations, pinning centres and the external stress) acting on it. While 
not including all the details of full three-dimensional systems with flexible dislocation lines7, the model 
is expected to capture the essential features of the crossover from jamming (dislocations getting stuck to 
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Figure 1. A snapshot of a two-dimensional dislocation assembly with quenched pinning centres, and 
a phase diagram portraying the nature of dislocation dynamics. The main figure shows a part of the 
system: Edge dislocations with positive and negative Burgers vectors are shown in blue and red, respectively, 
and black dots denote randomly positioned quenched pinning sites (solute atoms). The total system 
size is L =  200b and it contains Nd ≈ 900 dislocations and Ns =  32000 pinning centres. The inset shows a 
schematic phase diagram in the space spanned by external stress and strength of the quenched disorder. 
As the disorder strength increases for a fixed external stress, jamming becomes pinning, and finally critical 
dynamics ceases at very strong disorder.



•  Pure dislocation systems exhibit extended criticality 
•  There is no correlation length associated with dislocation structure 
•  Slow relaxation 
•  The avalanche size diverges at every applied stress level 

•  Plastic yielding in general cannot be described in terms of a 
depinning transition 

•  Robust: recovered in 3D simulations as well 
•  This picture may be compatible with experiments on pure hcp or 

fcc materials 
•  Introduction of internal length scale changes the picture 
•  Depinning or Gaussian fluctuations 



•  Questions 
•  How does the transition from jamming to depinning happen? 
•  System size dependence 
•  Is it possible to get into extended crytical region by loading? 

•  What influences the exponent? 
•  How does strain hardening and other phenomena affect universality? 
•  How to go to higher scales? What is the RVE? 

•  Work in progress 
•  Implementing finite boundaries 
•  New algorithms to allow for larger systems/less numerical noise 
•  Get closer to experiments: multiple slip, Peierls stress 
•  Local yield threshold distributions 



•  Stress values for a 
given plastic strain 
level 

•  Distribution of these 
stress values 



•  Average and standard deviation of stress strain curves 
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•  There is only a negligible size effect! 



•  The stress-strain curve is a 
sequence of discrete stress and 
strain values: 
•  τi: shear stress at the ith event 
•  γi: shear strain at the ith event 

•  Distribution of strain increments 
Δγi = γi − γi-1 has been discussed 

•  What is the distribution of τi? 

τ

τi

γγi



•  For larger systems stress 
values get smaller: 

•  Cumulative distribution 
is a Weibull: 

•  Shape parameter:  
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•  A chain consists of independent links 
•  If the asymptotic (τ → 0) failure 

distribution of one link is: 

•  then the failure distribution of the chain 
of M links is 
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•  What about the statistics of τi?  

•  Mean:  

•  Standard deviation: 
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•  How does the number of links M 
depend on the system size? 

•  Assumption: 
•  If links are homogeneously 

distributed, then ξ = 2. 

•  From the fit  

•  The numer of links grows 
subextensively with the system 
size 
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•  Stresses τi are an independent 
 random sequence drawn from 
a Weibull distribution with 
shape parameter υ. 

•  Strain increments are 
independent random variables 
with finite moments:  
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•  Average stress-strain curve: 

•  Standard deviation of stresses:  



•  Average and standard deviation of stress strain curves 
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•  Stresses at a given strain for different realizations are 
normally distributed 

•  The standard deviation decreases with increasing system 
size 
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Conclusions 
•  The concepts of the stochastic model of Zaiser are in agreement 

with 2D DDD 
•  A simple plasticity model of independent avalanches gives a 

good description of the microplastic part of the stress-strain 
curves 

•  A method has been proposed to set the yield threshold 
distribution in the stochastic model (multiscale modelling) 
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